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Semilocal convergence of a family of iterative methods in
Banach spaces

José L. Hueso1, Eulalia Martínez2

In [1], the authors introduced a family of third and four order methods for non-
linear systems, defined by

yn = xn − aΓnF (xn) (1)

zn = xn − Γn(F (yn) + aF (xn)) (2)

xn+1 = xn − Γn(F (zn) + F (yn) + aF (xn)), (3)

where Γn = F ′(xn)−1. This method is very interesting in terms of efficiency, as it
can be seen in the work, because it only uses the first order Frechet-derivative.

In this work, we analyze the semilocal convergence by using recurrence relations,
a technique that has been widely studied by Hernandez et al., [2]–[6]. We give a
theorem that establishes the existence and uniqueness of the solution, proves the R-
order of the method, and finds the a priori error bounds.

Finally, we present some numerical results in order to illustrate the theoretical
results.

Keywords: Nonlinear system, Iterative method, Banach space, Recurrence rela-
tions, semilocal convergence, R-order.
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An improvement of the accessibility of Steffensen’s method
J. A. Ezquerro1, M. A. Hernández1, M. J. Rubio1, A. I. Velasco1

Many scientific and engineering problems can be brought in the form of a non-
linear equation F (x) = 0, where F is a nonlinear operator defined on a non-empty
open convex subset Ω of a Banach space X with values in X . In general, if the oper-
ator F is nonlinear, iterative methods are used to solve F (x) = 0. A very important
aspect in the study of iterative methods is the choice of good initial approximations.
In general, iterative methods usually converge once the initial approximations satisfy
certain conditions (semilocal convergence).

In this work, for solving F (x) = 0, we consider one-point iterative methods with
memory of the form ([2]):{

x−1, x0 ∈ Ω,

xn+1 = ψ(xn−1;xn), n ≥ 0,

where ψ is an operator defined on a non-empty open convex subset Ω of a Banach
space X with values in X . In particular, we use iterative methods that do not use
derivatives of the operator F in their algorithms.

In [1], from modified Newton’s method and Steffensen’s method, an hybrid
iterative method is constructed for approximating the roots of nonlinear equations
F (x) = 0, where the operator F is differentiable. In this work, we present a modifi-
cation of the previous hybrid iterative method, which is based on the simplified secant
method instead of modified Newton’s method, that allows us to extend the solution
of nonlinear equations to equations where the operator F is nondifferentiable. We
analyse the semilocal convergence of the new hybrid iterative method and illustrate
it with a numerical example.

Keywords: Simplified secant method, Steffensen’s method, hybrid iterative method.

MSC 2010: 47H99, 65J15.
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On a family of two-step relaxed Newton-type methods

S. Amat1, S. Busquier2, Á. A. Magreñán3, N. Romero4

We have studied a variant of the classical two-step Newton-method combined
with the relaxed Newton method for the approximation of nonlinear equations in
Banach spaces. The method has the following form:

x0 given,

yn = xn + λnΓnF (xn), 0 < λn ≤ 1

xn+1 = xn − λnΓnF (yn).

(1)

where Γn = [F ′(xn)]−1. Notice that this method is free of any bilinear operator
and in each iteration we only approximate an associated linear system.This method
has been recently studied in [1] and [2]. In this talk we present a semilocal con-
vergence result under ω-conditioned divided differences for this method and some
results about the order of convergence. Finally some numerical examples will show
the improvement and advantages of the damped method compared with the usual one.

Keywords: Newton type methods, semilocal convergence, divided differences.

MSC 2010: 65B05, 47H17, 49M15.
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Una visión general sobre la convergencia del método de
Newton amortiguado

José M. Gutiérrez1, Á. Alberto Magreñán1

En este trabajo se considera el método de Newton amortiguado

xn+1 = xn − λF ′(xn)−1F (xn), λ ∈ (0, 1], n ≥ 0

para aproximar una solución de la ecuación F (x) = 0, siendo F un operador no lineal
definido entre dos espacios de Banach. Se estudia la convergencia del método usando
distintas técnicas tanto locales como semilocales: teoría de Kantorovich, relaciones
de recurrencia, α y γ teoría de Smale, etc. El objetivo es analizar la influencia del
parámetro amortiguador λ en los resultados obtenidos.

Keywords: Damped Newton’s method, Kantorovich theory, α-theory
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Aproximación de sistemas de ecuaciones no lineales y no
estacionarios

Sergio Amat1, Sonia Busquier1, Pablo Pedregal2

En muchas aplicaciones nos encontramos con problemas no lineales. En el caso
estacionario los métodos tipo Newton son los más usados. Estos métodos pueden
verse dentro del método general de mínimos cuadrados. En esta charla presentaremos
una generalización de este método para abordar la aproximación de problemas no
estacionarios.

Keywords: Ecuaciones no lineales dependientes del tiempo, Mínimos cuadrados,
Técnicas variacionales

MSC 2010: 65J15, 49M15
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Sobre unos métodos tipo secante de alto orden de
convergencia y libres de derivadas

Candela, Vicente1; Trillo, Juan Carlos2

En este trabajo presentamos una adaptación de los métodos que generalizan el
método de la Secante y de Müller mediante el uso de polinomios de mayor grado. Es
conocido que la generalización inmediata de estos dos métodos lleva a otros métodos
no muy eficientes y con la restricción de tener su orden de convergencia limitado
por 2. Nosotros introducimos una modificación que permite generar algoritmos cu-
yos ordenes forman una sucesión estrictamente creciente y no acotada a la vez que
conservan el hecho de no utilizar derivadas.

Keywords: Secante, Müller, Razón Aúrea

MSC 2010: 65H04, 65H05
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On the Application of Rates of Multiplicity for Finding
Singular Roots of Nonlinear Equations.

Vicente F. Candela1, Rosa M. Peris1

Given f(x), its rate of multiplicity of order p is defined as any function µ(x) such
that, close to any root or pole x∗ of f(x),

|f(x)|
|x− x∗|µ(x∗)

is bounded, and µ(x) = µ(x∗) +O((x− x∗)p).
Usefulness of these rates consists of allowing to search for roots with no knowl-

edge of its exact multiplicity. Thus, iterative methods such as Newton or higher order
ones, get accelerated when using these rates. Most methods needing the exact multi-
plicity can be adapted by means of rates in order to get efficient and robust versions
with a moderate increase of computational cost.

In this talk, we will analyze the properties of the rates of multiplicity, their re-
lationship with other fundamental concepts in iterative methods, such as logarithmic
convexity or elasticity, and techniques to construct higher order rates while avoiding
the evaluation of high order derivatives.

Some iterative methods will be considered through the scope of rates, and theo-
retical results will help to study convergence of methods for multiple roots by means
of their associated rates.

Finally, some examples will illustrate the performance of the proposed methods
even in case of noninteger multiplicity (appearing in fractional analysis) or poles
(usual in complex problems).

Keywords: iterative Newton-type methods, nonlinear equations, ill conditioning,
multiple roots, poles, local convergence, stability.
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Strategies for solutions of ill conditioned nonlinear
equations

Rosa M. Peris1, Vicente F. Candela1

Computational efficiency of iterative methods to solve nonlinear equations of the
type F (x) = 0 gets handicapped in case of ill conditioned problems. A well known
result states that high order methods, such as Newton, decay to first order in the
presence of multiple roots. However, even simple roots may be problematic, if the
derivative F ′(x∗) (being x∗, the root F (x∗) = 0) is small enough, or if x∗ is too close
to other different roots.

Most methods are analyzed in ideal conditions, where the equation is regular
enough as not to introduce any additional difficulty. From a local point of view
(that is, from a neighbourhood of the simple root), there is always a region where
the method can be considered in these ideal conditions. The main problem arises
when that regular region can be hardly reached, because it is difficult to distinguish
different roots or the function is extremely flat around the root. This problem gets
worse when solving nonlinear systems, due to the fact that roots interact and are
difficult to separate.

In this talk, we deal with these ill conditioned cases. We propose strategies in
order to reduce the harmful effects above mentioned (strategies which, in the other
side, may be used even in the most positive conditions), based on the regularization
of the iteration. Criteria for these choices are also provided, following the properties
of the equation, in such a way that the methods are adapted to the problem instead of
the usual techniques which try to adapt the problem to the methods.

The theoretical analysis will be illustrated through examples.

Keywords: iterative methods, nonlinear equations, Newton method, ill condition-
ing, local convergence, stability.
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Dinámica de la familia de King de métodos iterativos*

Alicia Cordero1, Javier García2, Juan R. Torregrosa1, María P. Vassileva2

En este trabajo se analiza la dinámica de la familia de King (véase [2]) de métodos
iterativos para la aproximación de raíces de ecuaciones no lineales f(x) = 0, cuya
expresión iterativa es

xk+1 = yk −
f(xk) + (2 + β)f(yk)
f(xk) + βf(yk)

f(yk)
f ′(xk)

, (1)

donde yk es el iterado del método de Newton.
Desde el punto de vista numérico, el comportamiento dinámico de la función

racional asociada a un método iterativo proporciona información interesante acerca
de su estabilidad y fiabilidad. En estos términos, Varona en [4] describe la dinámica
asociada a diferentes métodos iterativos conocidos. Más recientemente, en [3] Neta
et al. estudian el comportamiento dinámico, sobre polinomios de distintos grados, de
métodos iterativos para raíces múltiples.

Partiendo del operador racional asociado a la familia (1) que actúa sobre polino-
mios cuadráticos genéricos, analizamos los diferentes planos de parámetros encon-
trados proporcionando una visión general de los distintos comportamientos de los
miembros que componen la familia. Podemos encontrar un análisis previo de esta
familia en el trabajo de Amat et al. [1].

La riqueza dinámica de esta familia es particularmente interesante encontrando
comportamientos análogos a los observados en el conjunto de Mandelbrot.

Keywords: Ecuaciones no lineales, Métodos iterativos, Análisis dinámico
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Evaluación numérica de ceros complejos de funciones
especiales

Javier Segura1

Describimos métodos para la evaluación eficiente de ceros complejos de solucio-
nes de ecuaciones diferenciales ordinarias de segundo orden lineales y su aplicación
para la evaluación numérica de los ceros de funciones especiales. Los ceros de las
EDOs lineales y homogéneas de segundo orden siguen trayectorias en el plano com-
plejo dadas por las líneas de anti-Stokes. Consideramos la aproximación de Liouville-
Green para ODEs del tipo w′′(z) + A(z)w(z) = 0 siendo A(z) una función mero-
morfa, y describimos las propiedades cualitativas de las líneas de anti-Stokes para
esta aproximación. Basándonos en esta descripción cualitativa, construímos un mé-
todo de orden cuatro capaz de evaluar eficientemente los ceros complejos siguiendo
las líneas de anti-Stokes aproximadas. El funcionamiento del método se ilustra con
algoritmos para la evaluación de los ceros complejos de algunas funciones especiales
(funciones de Bessel, funciones del cilindro parabólico y polinomios de Bessel).

Keywords: Funciones especiales, EDOs lineales, ceros complejos

MSC 2010: 33F05, 65H05, 30E09
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Aproximación de sistemas Hamiltonianos usando una nueva
técnica variacional

Sergio Amat1, Ma J. Légaz1, Pablo Pedregal2

Se comenzará con una introducción a los problemas Hamiltonianos y su aproxi-
mación por medio de métodos simplécticos. Seguidamente presentaremos una nueva
perspectiva variacional para aproximar este tipo de problemas. Se minimizará un fun-
cional de error asociado de forma natural a la ecuación y donde se penalizará la no
conservación de la energía. Daremos de forma exacta una dirección de descenso y se
darán resultados de convergencia. Finalmente, se presentarán experimentos numéri-
cos donde testaremos esta nueva alternativa.

Keywords: Problemas Hamiltonianos, Técnicas variacionales, Métodos simplécti-
cos, Conservación de la Energía
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Tracking multiplicities

Marc Giusti1, Jean-Claude Yakoubsohn2

It is well known that the computation of the multiplicity and the approximation
of isolated multiple roots of polynomial systems is a difficult problem. In recent
years, there has been an increase of activity in this area. One goal is to translate the
theoretical background developed in the last century on the theory of singularities in
terms of computation and complexity. This talk presents several different views that
seem relevant to address the following issues: decide of the multiplicity of a root
and/or determine the number of roots in a ball, approximate fastly a multiple root
and give complexity results for such problems. Finally, we propose a new method to
determine a regular system admitting the same root as the initial singular one.
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