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A simulated annealing algorithm for vehicle routing
optimization: a graphical interface in Java
Roque M. Guitián de Frutos1, Balbina V. Casas Méndez2

This work considers the problem of minimizing the cost of carrying out the routes
of the vehicles used by a real agricultural cooperative that distributes animal feed
among the partners. Because solving the exact model is computationally burden-
some, we propose to implement heuristic algorithms to reduce the computational
time. To this end, first an initial solution is obtained through an insertion heuris-
tic algorithm. The algorithm works by building paths successively until all orders
of the partners are planned. Secondly, we design a simulated annealing algorithm
that works on the initial solution for possible improvements. One difficulty with this
approach lies in the way of obtaining neighboring solutions with the objective of
reaching optimal solutions. In order to implement an efficient software, seven ways
have been designed and programmed to get neighboring solutions randomly inter-
spersed. The execution time and the maximum iterations must be specified by the
user according to their needs. Finally, we built a graphical interface. With it, the
user can interact with the system quickly and easily. We show the peculiarities of the
interface that has been created and some of the numerical results obtained with it.

Keywords: Vehicle route optimization, simulated annealing algorithm, Java graph-
ical interface
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Applications of estimates of C0−semigroups in partial
differential equations

Luciano Abadias1, Pedro J. Miana1

An application of differential inequalities is to provide stability to the solutions of
differential equations. A. Córdoba and D. Córdoba have used pointwise inequalities,
satisfied by fractional derivatives, to obtain Lp-decay of solutions of the following
partial differential equation,

(
∂

∂t
+ u · ∇)f = −k(−∆)αf, for 0 ≤ α ≤ 1,

which are related to quasigeostrophic equation, see [1]. In this poster, we extend
these pointwise inequalities for fractional powers of generators of convolution C0-
semigroups, and we obtain Lp-decay of solutions of differential equations,

‖f(·, t)‖p
p ≤

‖f(·, 0)‖p
p

(1 + εCt‖f(·, 0)‖pε
p )

1
ε

,

applying Nash-type inequalities.

Keywords: Convolution C0-semigroup, fractional power, Lp-decay
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Continuous right inverses for the asymptotic Borel map in
ultraholomorphic classes via a Laplace-type transform

Alberto Lastra1, Stéphane Malek2, Javier Sanz3

A new construction of linear continuous right inverses for the asymptotic Borel
map is provided in the framework of general Carleman ultraholomorphic classes in
narrow sectors. Such operators were already obtained by V. Thilliez [5] by means
of Whitney extension results for non quasianalytic Whitney ultradifferentiable jets
on compact sets with Lipschitz boundary, due to J. Chaumat and A. M. Chollet [2],
but our approach is completely different, resting on the introduction of a suitable
truncated Laplace-type transform. This technique is better suited for a generalization
of these results to the several variables setting, which was already obtained by the
first and third authors [3] with different, and more intrincated, techniques. Moreover,
this new approach closely resembles the classical procedure in the case of Gevrey
classes, so indicating the way for the introduction of a new concept of summability
which generalizes k−summability theory as developed by J. P. Ramis [4, 1].

Keywords: Laplace transform, formal power series, asymptotic expansions, ultra-
holomorphic classes, Borel map, extension operators
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Dominación de espacios topológicos por espacios métricos

David Guerrero Sánchez1

Comenzaremos la presente comunicación por observar que cualquier espacio to-
pológico X está dominado por algún espacio métrico M. Por lo tanto, al tomar el
espacio métrico de peso mínimo que domina a un espacio topológico dado, es posible
presentar el siguente invariante cardinal de los espacios topológicos: el índice dm de
de dominación por un métrico M de un espacio dado X . Denotamos a este invariante
como dm(X) para cada espacio X. Mostraremos que en general dm(X) ≤ `Σ(X)
donde `Σ(X) es el índice de K-determinación del espacio X definido en [CMO] por
Cascales, Muñoz y Orihuela. Sin embargo, probaremos que ambos invariantes cardi-
nales coinciden en la clase de los espacios angélicos. Esto nos permitirá demostrar
(en ZFC) que para un espacio compacto K el espacio Cp(K) es fuertemente domi-
nado por un espacio segundo numerable si y sólo si K es numerable. Esto resuelve el
problema abierto [COT, Problem 4.11] planteado por Cascales, Orihuela y Tkahcuk.

Keywords: Dominación, Dominación fuerte, espacio numerablemnte determina-
do, espacio Lindelöf Σ, metrizabilidad, cubrimiento compacto, espacio de funciones,
espacio cósmico, ℵ0-espacio
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Dynamics of entire functions universal under similarities

J.A. Prado-Bassas1, M.C. Calderón-moreno1

In this poster we characterize the dynamics of entire functions universal under
similarities and bounded on “large” sets, in terms of topological properties of these
sets. Moreover, if we consider the set of universal entire functions via similarities that
are bounded on sub-Arakelian sets (that is, sets which can be completed as Arake-
lian’s), then it is shown that its algebraic size is as large as possible. As a conse-
quence, we show several results as, for example, the existence of an algebraically
large set of universal entire functions bounded on every (straight) line.

Keywords: Universal functions, sub-Arakelian subsets, similarities, dense-lineability,
spaceability
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El método de Bases Reducidas aplicado a un problema de
convección de Rayleigh-Bénard.

Francisco Pla1, Yvon Maday2, Henar Herrero1

El método de bases reducidas es un método de discretización numérico idóneo
para resolver problemas que dependen de parámetros P(φ(µ);µ) = 0 con paráme-
tro µ y juega un papel importante en diversas áreas, de la física, ingeniería o de la
mecánica dado que permite acelerar los cálculos computacionales.

Este método consiste en aproximar la solución φ(µ) de un problemaP(φ(µ);µ) =
0, mediante una combinación lineal de soluciones apropiadas ya calculadas φ(µi) tal
que µi, i = 1, 2, ..., N son parámetros obtenidos mediante un proceso iterativo de
minimización de medidas de Kolmogorov n-with [1, 2].

En este trabajo, se aplica el método de bases reducidas a un problema de con-
vección de tipo Rayleigh-Bénard en una celda dos dimensional (2D) con viscosidad
constante P(φ(R);R) = ~0, con parámetro el número de Rayleigh R, en el que se
consideran las siguientes ecuaciones adimensionalizadas incompresibles de Bousi-
nesq Navier-Stokes con la ecuación de calor,

0 = ∇ · ~v,
1

Pr
(∂t~v + ~v · ∇~v) = R θ~e3 −∇P + ν∆~v,

∂tθ + ~v · ∇θ = ∆θ.

Donde φ = (~v, θ, P ) con ~v = (vx, vz) el campo de velocidades, θ el campo de tem-
peratura y P la presión y los números adimensionales de Rayleigh (R) y de Prandtl
(Pr).

Para cada relación de aspecto se presentan múltiples soluciones estables para di-
ferentes números de Rayleigh que coexisten para mismos valores de parámetros geo-
físicos [3]. El objetivo es mediante los elementos de las bases reducidas {φ(Ri), i =
1, 2, ..., N} de nuestro problema en una relación de aspecto fija calcular una aproxi-
mación de solución estacionaria φ(R) en ramas estables al igual que una aproxima-
ción de la solución en los puntos de bifurcación para números de Rayleigh críticos,
φ(Rc).

El problema se resuelve numéricamente mediante el método variacional de Ga-
lerkin usando las cuadraturas de Legendre Gauss-Lobatto junto con el método de
bases reducidas para obtener las soluciones φ(Ri) tales que φ(R) ∼

∑N
i=1 λiφ(Ri).

Keywords: EPD, Mecánica de Fluidos, Métodos Numéricos, Bifurcaciones
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Extreme points and the geometry of integral polynomials

Ricardo García1

The study of the extreme points, often in dual spaces, and the presence of M -
ideal structures proved to be very useful tools in the theory of Banach spaces, leading
to a better understanding of the geometry of the involved spaces as can be seen in
[1, 3, 4].

Here we report on the research of [2], where we showed that the set of extreme
points of the unit ball of the space of k-homogeneous integral polynomials over a real
Banach space X is exactly

{±φk : φ ∈ X∗, ‖φ‖ = 1}.

Apart from normalization, no condition on φ is needed. This contrasts with the “non-
symmetric” situation which is much less favorable. Indeed, the extreme points of the
unit ball of the space of integral k-lineal functionals are all of the form φ1φ2 · · ·φk,
where each φi has to be an extreme point of the ball of X∗ as can be seen in [4, 1].

Armed with this result we show that, if X is a subspace of the real Banach space
Y and if X is a non trivial M -ideal in Y , then the k-th symmetric injective tensor
product of Y is never an M -ideal in the corresponding tensor product of Y unless
k = 1, of course.

As before, this result marks up a difference with the behavior of the “full” tensor
product since, when X is an M -ideal in Y , the k-th injective tensor product of X is
an M -ideal in the corresponding tensor of Y ([3]).

Despite of these facts, we manage to show that if X is an Asplund space, then
every integral k-homogeneous polynomial on X has a unique extension to Y that
preserves the integral norm.

Keywords: Extreme point, Integral polynomial, M -ideal.
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Matrix Sylvester differential equations in the theory of
vector orthogonal polynomials

A. Branquinho1, A. Foulquié-Moreno2, A. Mendes3

We study the so called classical Hahn sequences of vector orthogonal polynomi-
als, i.e., the sequences of vector orthogonal polynomials whose derivative sequence
is also orthogonal.

In this work we find sequences of matrix polynomials whose orthogonality mea-
sure, W , satisfy a matrix Sylvester differential equation.

We characterize a full Kostat-Toda system in terms of a system of matrix orthog-
onal polynomials with a matrix measure defined as a solution of a Sylvester matrix
differential equation.

Keywords: Matrix orthogonal polynomials, linear functional, recurrence relation,
operator theory, matrix Sylvester differential equations, full Konstant-Toda systems.
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Métodos iterativos tipo Steffensen libres de Inversos

M. J. Rubio1

Sea una ecuación no lineal F (x) = 0, definida en espacios de Banach. Para apro-
ximar numéricamente una solución consideramos métodos de tipo Steffensen ([1],
[2]) que son procesos definidos mediante diferencias divididas de primer orden [5].
Estos procesos iterativos poseen la característica de no utilizar derivadas en su imple-
mentación, sin embargo, en su algoritmo sí aparecen operadores inversos, en concreto
el operador inverso de una diferencia dividida de primer orden lo que produce ciertas
dificultades en su aplicación. En este trabajo consideramos una modificación del mé-
todo de Moser [3] aplicado a métodos tipo Steffensen para poder evitar el cálculo de
dichos inversos. Para ello utilizamos una técnica basada en relaciones de recurrencia
[4].

Keywords: Ecuaciones no lineales en espacios de Banach, Método de Steffensen,
relaciones de recurrencia
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Multivariate orthogonal polynomials of Sobolev type: an
example on the ball.

Antonia M. Delgado1, Teresa E. Pérez1, Miguel A. Piñar1

In this presentation, we consider the Sobolev–type inner product of the form

(p, q)S = (p, q)µ + λ
N∑

k=0

∂p(sk)
∂n

∂q(sk)
∂n

, λ > 0,

(·, ·)µ is the usual inner product on the unit ball Bd, and ∂
∂n represents the nor-

mal derivative on the sphere Sd−1. Then, multivariate orthogonal polynomials of
Sobolev–type and the kernel functions associated with this Sobolev–type inner prod-
uct are studied. More explicitly, we express them in terms of those corresponding
with the original inner product. These results are applied to obtain the asymptotics of
the Christoffel functions. Finally, the special case of the SobolevÐtype modification
of the bivariate classical measure on the unit disk obtained by adding the outward
normal derivatives on a finite set of uniformly distributed points on the unit circle is
presented.

Keywords: Multivariate orthogonal polynomials, Sobolev inner products, Christof-
fel functions, Asymptotics.
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Nilpotent systems with an inverse integrating factor

Antonio Algaba1, Isabel Checa1, Cristóbal García1, Manuel Reyes1

En este trabajo caracterizamos los sistemas nilpotentes cuyo primer término cuasi-
homogéneo asociado al tipo (1, n) es (y, σxn)T , con σ = ±1; los cuales tienen un
factor integrante inverso sobre C((x, y)). En estos casos, podemos determinar que
estos sistemas admiten un factor integrante inverso de la forma (h + . . .)q siendo
h = 2σxn+1 − (n + 1)y2 y q un número racional.

Demostramos, para n par, que los sistemas con factor integrante inverso formal
son formalmente equivalente a (ẋ, ẏ)T = (y, xn)T . En el caso de n impar, damos
una forma normal formal que los caracteriza. Como consecuencia, damos una re-
lación entre la existencia de factor integrante inverso formal, problema de centro e
integrabilidad de los sistemas considerados.

Keywords: punto singular degenerado, factor integrante inverso, formas normales
cuasi-homogéneas
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On Sobolev orthogonality on the unit ball

Teresa E. Pérez1, Miguel A. Piñar1, and Yuan Xu2

For the weight function Wµ(x) = (1 − ‖x‖2)µ, µ > −1, λ > 0, and ωµ a
normalizing constant, a family of mutually orthogonal polynomials on the unit ball
with respect to the inner product

〈f, g〉 = ωµ

[∫
Sd−1

f(ξ)g(ξ)dσ(ξ) + λ

∫
Bd

∇f(x) · ∇g(x)Wµ(x)dx

]
are constructed in terms of spherical harmonics and Jacobi orthogonal polynomials
of one variable.

Keywords: Sobolev orthogonal polynomials, unit ball, gradient
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On the roots of the generalized Wills functional

Jesús Yepes Nicolás1, María A. Hernández Cifre1

In 1973 [2] Wills introduced and studied the functional W (K) =
∑n

i=0 Vi(K)
because of its relation with the so called lattice-point enumerator G(K) = #(K ∩
Zn). Here, Vi(K) represents the i-th intrinsic volume of K, i.e., the (n − i)-th
coefficient (up to a constant) of the polynomial (Steiner polynomial) obtained when
the volume vol(K+λBn) is computed. The Wills functional turns out to have several
nice applications, e.g., in Discrete Geometry, where some relations of this functional
with the so called successive minima of a convex body were given. Hadwiger showed,
among others, the following integral representation of W (K):

W (K) =
∫

Rn

e−πd(x,K)2dx, (1)

where d(x,K) denotes the Euclidean distance between x ∈ Rn and K.
Motivated by this expression, and based on a recent work by Kampf [1], we

have generalized this functional for a convex body K ∈ Kn with respect to a gauge
set E ∈ Kn, via an (1)-type formula. Moreover, if we change the function e−πt2 by
another one G(t) properly associated to a measure µ on the nonnegative real line R≥0,
we may obtain a new polynomial (relative to two convex bodies K and E) which we
will call µ-polynomial. For instance, the classical Steiner and Wills polynomials are
µ-polynomials for suitable measures µ.

We investigate the roots of these µ-polynomials of convex bodies (and, in partic-
ular, the roots of the so called generalized Wills functional). We study its structure,
showing that the set of roots in the upper half plane is a closed convex cone, contain-
ing the non-positive real axis R≤0, and strictly increasing in the dimension (indepen-
dently on the considered measure µ). Moreover, it is proved that the ‘smallest’ cone
of roots of µ-polynomials is the one given by the Steiner polynomial, which provides,
for example, some additional information about the roots of µ-polynomials when the
dimension is large enough.

Keywords: Wills functional, Steiner polynomial, intrinsic volumes, roots, succes-
sive minima, lattice-point-enumerator, measures
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The core-center of the airport game*

Julio González-Díaz1, Miguel Ángel Mirás Calvo2, Carmen Quinteiro
Sandomingo2, Estela Sánchez Rodríguez3

The airport problems, see [2], are a well known class of cost allocation problems.
The game-theoretic approach consists in transforming these problems into coalitional
games, finding a payoff vector that solves the game and studying the allocation cor-
responding to it. In this work, we choose the core-center, introduced in [1], as our
payoff vector. First, explicit integral formulae for the core-center of the airport game
are derived. Next, following the survey [3], we analyze the properties of the allo-
cation rule corresponding to the core-center. Special emphasis is put on the mono-
tonicity properties. Finally, we provide a comparison between the Shapley value, the
nucleolus, and the core-center for the airport game.
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Topological type of Schottky principal G-bundles over
compact Riemann surfaces

Susana Ferreira1, Carlos Florentino2, Ana Casimiro3

In this poster we will expose some results concerning with the concept of topological
type of principal G-bundles and in particular, for the case of Schottky G-bundles over
a compact Riemann surface of genus greater or equal to 1 where G is a connected
reductive algebraic group over the complex numbers.

Ramanathan introduced, in his paper [4] , the notion of topological type related
to a principal G-bundle over a compact Riemann surface. This notion allows us to
consider the moduli space of semistable G-bundles as disjoint union of its connected
components Mss

G =
∐

d∈π1(G)

Mss,d
G . Since then, a lot of people have studied these

matters, specially counting the number of connected components for different types
of algebraic groups G (see for example [3]).

In this work we show that in the case of Schottky principal G-bundles where G
is a connected reductive algebraic group over C, we can restrict to the case of the
connected component of the identity, that is, Mss, 0

G .

Keywords: Topological type, fundamental group, Principal G-bundles, representa-
tion variety, moduli space, reductive algebraic group.
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Un método de proyección híbrido volúmenes finitos/
elementos finitos para flujos a bajo número de Mach con

transporte de especies*

A. Bermúdez1, M. Cobas1, J.L. Ferrín1, L. Saavedra2 & M.E.
Vázquez-Cendón1

El propósito de este trabajo es presentar un método de proyección híbrido com-
binando la metodología de volúmenes finitos y elementos finitos para resolver flujos
a bajo número Mach (ver [3] y [4])). Partiendo de un mallado del dominio compu-
tacional de elementos finitos, se construye la malla dual de volúmenes finitos. Esta
malla tiene definidos los nodos en los baricentros de las caras de los tetraedros de ele-
mentos finitos (ver [2]), y supone una extensión tridimensional a la presentada en [1].
En una primera etapa se resuelve la ecuación que modela los procesos de transporte
y difusión mediante el método de volúmenes finitos. La discretización en tiempo se
realiza aplicando el esquema explícito de Euler. El descentramiento (upwinding) de
los términos convectivos se hace con las resolventes de Riemann clásicas correspon-
dientes a los Q-esquemas de van leer y Rusanov (ver, por ejemplo, [6]). En la segunda
etapa de proyección, la corrección de la presión se calcula mediante elementos finitos
asociados a la malla inicial de tetraedros. En el presente trabajo se incluyen las ecua-
ciones de transporte de especies y se analizan los resultados obtenidos empleando una
resolución acoplada o desacoplada con el modelo de flujos a bajo número de Mach.
Los resultados numéricos se presentan comparados tanto con soluciones analíticas
y como con problemas físicos de los que se dispone de resultados experimentales
conocidos en la literatura ([5]).

Keywords: Low-Mach number flows; projection method, finite volume method,
finite element method;
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Un resultado de existencia para un modelo de levitación
electromagnética en coordenadas cilíndricas

Rafael Muñoz-Sola1, Carlos Reales2, Rodolfo Rodríguez3

Presentamos un resultado de existencia de solución para un modelo de la levita-
ción de un cuerpo metálico cilíndrico sometido a un campo electromagnético indu-
cido por una bobina cilíndrica. Usamos el modelo transitorio de corrientes inducidas
escrito en coordenadas cilíndricas (r, θ, z). Suponemos que la intensidad ~JS de la
fuente de corriente en la bobina es un dato, que ~JS = JS(t, r, z)~eθ y que todas
las cantidades físicas son independientes de θ. Introducimos el potencial magnéti-
co ~A = A(t, r, z)~eθ y, procediendo como en [1], reducimos este modelo a la EDP
parabólica degenerada

σ
∂A

∂t
~eθ +∇×

[
1
µ
∇× (A~eθ)

]
= JS~eθ en (0, T )× Ω, (1)

donde Ω = (0, rmax) × (zmin, zmax) está en el semiplano meridiano (r, z), µ > 0
es constante, Ωt = Ω0 + u(t)~ez es la posición ocupada por la pieza metálica en
el instante t, σ es la conductividad eléctrica de la pieza metálica en Ωt y σ = 0
fuera de Ωt. Suponemos que σ(t, r, z) = σ̂((r, z) − u(t)~ez), donde σ̂ ∈ L∞(Ω0) y
σ̂ ≥ σ > 0. Suplementamos la EDP (1) con las condiciones A = 0 sobre (0, T )×∂Ω
y A|{0}×Ω0

= A0. El desplazamiento vertical u de la pieza metálica está gobernado
por el problema de valor inicial

m
d2u

dt2
(t) = 2π

∫
Ωt

fz(t, r, z) r dr dz,
du

dt
(0) = v0, u(0) = 0, (2)

donde fz es la componente vertical de la fuerza de Lorentz, que en este caso está
dada por

fz = −σ
∂A

∂t

∂A

∂z
en Ωt. (3)

Hemos demostrado en [2] que, bajo hipótesis apropiadas, fijado cualquier u ∈
C1([0, T ]), la EDP (1) tiene una única solución débil, que denotamos A = A(u).
Bajo la hipótesis adicional de que el conjunto de discontinuidades de σ̂ sea de medida
cero, demostramos que el problema acoplado tiene al menos una solución local en
tiempo. Para ello, aplicamos el teorema de Schauder a la aplicación F : u ∈ K ⊂
C1([0, T ]) 7→ w ∈ C1([0, T ]), donde K es un conjunto convexo cerrado apropiado
y w denota la solución del problema de valor inicial anterior con A = A(u).
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Vector-valued inequalities for fractional integrals for
orthonormal systems

Óscar Ciaurri1

Let {φα
k}k≥0 be a family of orthonormal systems in the space L2(X, dµ). We

suppose α ∈ [−a,∞), with a ∈ R+. If the functions {φα
k}k≥0 are eigenfunctions of

a second order differential operator ∆α, i. e.,

∆αφα
k = λk,αφα

k ,

then, for each σ > 0, the fractional integrals are defined by

Iσ
αf(x) =

∞∑
k=0

ak(f)
λσ

k,α

φα
k (x), ak(f) =

∫
X

f(y)φα
k (y) dµ.

We present vector-valued inequalities for the fractional integrals of the following type∥∥∥( ∞∑
j=0

|Iσ
α+jfj |2

)1/2∥∥∥
Lq(X,dµ)

≤ C
∥∥∥( ∞∑

j=0

|fj |2
)1/2∥∥∥

Lp(X,dµ)
,

for Laguerre and Jacobi orthonormal systems.
This work has been done in collaboration with L. Roncal and P. R. Stinga and it

can be seen in [1] and [2].
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