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Introduction

Homogenization - Introduction

Let
A%(x) = (QZ(X))lgi,an a.e.on Q CR",

satisfying for any A € R”,

{(AE(X)A,A) > alAP,

|AZ(x)A| < BIA]
Set
: ) 0
A = —div (A°V) = — Z 8—)(’_(338—)9).
ij=1
Consider the equation
.AEUE — f,

with, for instance, a Dirichlet condition on 9f2.

Periodic unfolding method and multi-scale problems



Introduction

One has to solve

—div (A°Vuf)=f inQ
u® =0 ondRQ.

with f € H71(Q). By the Lax-Milgram theorem there exists a
unique v € H}(RQ) such that

/ AEVUE VV dX — <f7 V>H71(Q),Hé(9)’ VV S H(])-(Q)
Q

Moreover, since )
ol @) = S Il @),
there exists u® € H}(Q) such that

’

vt —u®  weakly in H3(Q).
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Set

n

€ € € . aau€ Eaus A€ €
§ _(517-.-,5,7)_(j;alja)g,...7zanja)g)A VU,

Jj=1

which satisfies
/anv\/ dx = (f,V)p-1@ i@y YV E H ().
There exists £2 € L?(R), such that (up to a subsequence)
€ = €0 weakly in (L2(Q))".
Moreover,

/ fo Vvdx = (f, V>H—1(Q)7H3(Q)7 Vv € H(%(Q)7
Q

—dive®=f inQ.
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Introduction

e Question : the relation between ¢° and u°?

Several methods give the answer :
the multiple-scale method,
the Tartar’s oscillating test functions method,
the two-scale convergence,

the periodic unfolding method.
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Introduction

Multiple-scale method

Suppose now that

X

A()=A(Z). AWY) = (a5(y)rsijen 23 Y — periodic.

One looks for
u*(x) = uo (X» i) +euwm (X, i) + 2wy (x, i) N
9 £ c
with uj(x, y) for j =1,2,... such that

uj(x,y) is defined for x e Qand y € Y
ui(-,y) is Y — periodic.
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Introduction

Tartar's oscillating test function method

Let p € D(Q) et z. a sequence of functions such that
z.¢ € H}(Q). With z as test fuctions,

Qwusaxj-@x,- Qausﬁxj-ﬁx,-_ﬂa(p ’
Idea : construction of z. as the solution of the adjoint system —-
« (X 0z OU® cw(X\0z: Op
/Q‘paff(s)axj 0x; +/Q“ "’U<e>axj o

= The bad terms cancel and one can pass to the limit in all the
others.
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Introduction

Two-scale method (G. Nguetseng et G. Allaire

Let {v®} a sequence of functions in L2(Q). One says that {v°} is
two-scale convergent to vy = vp(x, y) with vo € L2(Q x Y) if for
any ¢ = (x,y) € D(; Cp5,(Y)), one has

e—0

im, [ (00 D)= o [ [ o) e y) e

Theorem. Let {v°} be a bounded sequence in L?(£2). There exists
{ve'} and a function vo € L2(Q x Y) such that {v¢'} two-scale
converges to vp.
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The periodic unfolding method

Periodic unfolding

Joint works with Alain Damlamian, Patrizia Donato, Georges Griso
and Rachad Zaki.

Main topics

I. The periodic unfolding method in fixed domains
Il. Multi-scale domains
I1l. Unfolding in perforated domains

IV. Application to multi-structures. ..
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The periodic unfolding method

|. The periodic unfolding method in fixed domains

The periodic unfolding method is a “fixed domain” method, well
suited to treat periodic homogenization problems. The basic idea is
that if the proper scaling is used, oscillatory behaviour can be
turned into weak or even strong convergence, at the price of an
increase in the dimension of the problem, but with significant
simplifications in the proofs and explicit formulas. It also gives a
most elementary proof for the results of the theory of two-scale
convergence due to G. Nguetseng and G. Allaire.

Originally, the periodic unfolding method was applied for linear
problems in the standard periodic case of homogenization with
applications to multi-scale problems. Then it was extended to
monotone operators, perforated domains, nonlinear integral
energies, ...

Periodic unfolding method and multi-scale problems 10/56



The periodic unfolding method
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The periodic unfolding method

Plan

1. The periodic unfolding operator

N

. First convergence results
3. Scale decomposition
4. Main convergence result

5. Homogenization of the model problem

(o)}

. Application to multi-scale problems
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The periodic unfolding method 1. The periodic unfolding operator

1. The periodic unfolding operator 7,

Q C R", Y a reference cell (ex. ]0,1["), or more generally a set
having the paving property with respect to a basis (b1, - - , bp).
For z € R", [z]y denotes the unique integer combination

> i—1 kibj such that z — [z]y belongs to Y,

{z}ly=z—[z]ly €Y ae for zeR" =

X = E(E} y + {g}y) a.e. for xeR".

AN,
[ [ 7 ] ]
[ [ ] ] ]
f )]
[ ]
I
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The periodic unfolding method 1. The periodic unfolding operator

=, = {gez"’,s(g+ Y)cQ},
Q. = interior{ U 5({—}-7)}7 A = Q\ﬁe.

£e=c

Q. is the largest union of e(6+Y) cells (¢ € Z") included in Q.
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The periodic unfolding method 1. The periodic unfolding operator

Definition
For ¢ Lebesgue-measurable on 2, T. is given by

X -~
(@)(x,y) = qj(g[ﬂ y +5y) ae for (x,y)eQ.xY,
0 a.e for (x,y) €N xY.

7

e 7.(¢) is Lebesgue-measurable,

e 7. is linear and continuous from LP(Q2) to LP(Q2 x Y),

o T.(w) = T.(v) To(w),

e Let f measurable on Y, extend it by Y —periodicity to R”, and

set
X

f(x) = f<g> a.e. for x € R" =
fly) ae for (x,y)eQ.xY,

7.(f, X, y)=
=(la)(x.y) {0 ae for (x,y) e xY.
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The periodic unfolding method 1. The periodic unfolding operator

Example 1.

f(x) = sin (2#5).

9
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The periodic unfolding method The periodic unfolding operator

Example 2.
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Example 3.
1
1 forye (0,%/2),

fly) = 2 forye (Y/21),
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The periodic unfolding method The periodic unfolding operator

Example 4.
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The periodic unfolding method 1. The periodic unfolding operator

Other property. Any integral of a function on €, is “almost

equivalent” to the integral of its unfolded on Q x Y, the
"integration defect” is due to the cells intersecting the boundary
0% Indeed, for ¢ in L}(Q) and w in LP(Q)

L[ T (xy) dedy = /¢ W—/¢ )ae = [ o) o

Y] Jaxy

1
dx — — 7. dxdy| < dx.
A¢X wrmy(@X4<AfMX

If {¢-} is a sequence in L1(Q) satisfying Ja. el dx — 0, then

1
/ e dx — — 7-(¢<) dxdy — 0.
Q Yl Jaxy

Notation

TE 1
T-(¢:) dxdy.
Q Y] Jaxy
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The periodic unfolding method 2. First convergence results

2. First convergence results

Let p belong to [1,+ool.
To(w) — w strongly in LP(Q x Y), Vw € LP(Q).

Let {w.} be a sequence in LP(Q) such that w. — w strongly in
LP(S2). Then

T.(w:) — w  strongly in LP(Q2 x Y).

For every relatively weakly compact sequence {w.} C LP(Q),
Te(w.) is relatively weakly compact in LP(Q2 x Y). Furthermore, if
To(w:) — w weakly in LP(Q x Y), then

~ 1 ~ .
w. = My(w) = / w dy weakly in LP(Q).
Yy
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The periodic unfolding method 2. First convergence results

Two-scale convergence. Let p €]1,4+o00[. A bounded sequence
{w:} in LP(Q), two-scale converges to some w belonging to

LP(Q2 x Y'), whenever, for every smooth function ¢ on Q x Y, the
following convergence holds :

[weao(x2)ax— o [ [ wiy)oty) ddy.

The following result holds true :

If {w.} is a bounded sequence in LP(Q2) with p €]1,4o00[, then the
following assertions are equivalent :

e {7.(w.)} converges weakly to w in LP(Q2 x Y).

e {w.} two-scale converges to w.

Remark. To check the two-scale convergence one has to use special
test functions. To check a weak convergence in the space

LP(Q2 x Y') due to density, one can use of functions smooth
functions from D(Q2 x Y).
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The periodic unfolding method 3. Macro-micro decomposition

3. Macro-micro decomposition : the scale-splitting

operators Q. and R.

Every ¢ in Wg’p(Q) in the form

¢ = Q&((b) + RE(¢)a

where Q.(¢) is an approximation of ¢ having the same behavior as
¢, while Ro(¢) is a remainder of order ¢.

Suppose that 9 is smooth enough so that there exists a
continuous extension operator P : W1P(Q) — WLP(R") satisfying

IP(@)lwrrgeny < Clidllwin)y, Vo€ WHP(Q),

where C is a constant depending on p and 90X only.
The construction of Q. is based on the Q;—interpolate of a
discrete approximation, as in the finite element method.
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The periodic unfolding method 3. Macro-micro decomposition

The operator Q. : LP(R") — WL (R"), for p € [1, +00], is
defined as follows

Q-(9)(8) = Me()(e€) for & € 2,

where the local average operator M. is defined by

/ X () d¢,  ifxeQ.,
Mo(0)() = § <IYIJe[D] +ey

0 if x € A..
Observe that for every ¢ € LP(Q),

M.(¢) — ¢ strongly in LP(Q).
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The periodic unfolding method 3. Macro-micro decomposition

For any x € R",
@(gb)(x) is the @ interpolate of the values of @;(qb) at the vertices
of the cell a{q +eY.
ely

Then the operator Q. : WHP(Q) — W1°(Q) is defined by

Q: () = Q=(P(9))la-
Well known (from finite elements method)
o Oc(¢) — ¢ strongly in LP(R"),

o cVO.(¢) — 0 strongly in (LP(R"))",
o [ Q:(A)lwre) < CIIPIIINIwre(e)-

Clear : Q. is designed NOT to capture any oscillation of order €.
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The periodic unfolding method 3. Macro-micro decomposition

The remainder R.(¢) is given by

R(¢) = ¢~ Q:(¢) forany ¢ € WHP(Q),

and has the following properties :

[Re(@)lr(@) < € ClIPIloNlwre(e),
IVR(D)l o) < CIPIIVElLe(e)

Let {w.} be a sequence converging weakly in W1P(Q) to w. Then,
Re(we) — 0 strongly in LP(Q2),

Qc(w.) = w  weakly in WHP(Q),
T.(VO:(we)) = Vw weakly in LP(Q2 x Y).
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The periodic unfolding method 4. Main convergence result

4. Main convergence result

Theorem
Let {w.} C WYP(Q) satisfying
w. — w  weakly in WHP(Q).
Then, up to a subsequence there exists some w in the space
LP(Q; Wo(Y)) such that
o%'fg(RE(WE)) — W weakly in LP(; WHP(Y)),
oT.(VRo(w:)) = Vyw  weakly in LP(Q x Y),
oT.(Vw,) = Vw +V,w weakly in LP(Q x Y).
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The periodic unfolding method 5. Homogenization of the model problem

5. Periodic unfolding and the standard homogenization

Let A° = (aj?;-)lg,-,jg,, be a sequence of matrices satisfying a.e. on Q
(AN ) > alA?, A (XA < BN, VAER"
For f given in H~1(Q), consider the Dirichlet problem

—div (A°Vu) =f inQ,
u* =0 onoQ.

By the Lax-Milgram theorem, there exists a unique v € H}()
/ A€Vu€ Vv dx = (f, V>H*1(Q),Hé(Q)? Vv € H(])'(Q)
Q
Moreover, one has the apriori estimate

1 .
HUEHH(}(Q) < a“f||H71(Q) — Uz — Up Weakly n H(])'(Q)
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The periodic unfolding method 5. Homogenization of the model problem

Classical periodic homogenization result. Let a;; = a;(y) for
1 <i,j < n, be Y—periodic, and let A°(x) = (aji(x/€))1<ij<n a-e.
on €2. Then ug is the unique solution of

—div (A°Vup) =
ij=1

up =0 on 0%,
where the constant matrix A% = (a%)1<; j< is elliptic and given by

n aAj
32- = My(a,'j) — My(; a,'kaijfk).

The corrector function x/ for ¥j € {1,...,n}, is solution of
n "
0 o’ —y;
_ Z = (aiku): 0 inY,
= Oy 7

¥ Y-periodic and MY()?j) = 0.
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The periodic unfolding method 5. Homogenization of the model problem

Periodic homogenization via unfolding. Suppose that there
exists a matrix B such that

B* = T.(A°) — B strongly in [L'(Q x Y)]"™*".

Then there exists up € H3(Q2) and U € L?(Q; H}

per

(Y)) such that
ue — up  weakly in H3(Q),
{’]}(Vus) —~Vup+V,d weakly in L*(Q x Y),
and the pair (up, U) is the unique solution of the problem
YW € Hy(Q), VO € L*(Q; Hb.(Y)),
“1/| /QXY B(x,y)[Vuo(x) + Vyu(x,y)] [V¥(x) + V,(x, y)] dxdy
= (F, V) u-1@).H (@)

If A*(x) = (A(x/¢e), then B(x,y) = A(y).
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The periodic unfolding method 5. Homogenization of the model problem

The proof by the periodic unfolding method is elementary !
Integration formula = With W € H}(Q),

<f, \U>H*1(Q),Hé(ﬂ) :/QA{-:VUE VV dx

. 1 .
ém | TA ) T2 (Vu:) T (VW) dx dy
X
1
m o YBa'];(VuE)TE(V\U)dxdy
X

and the last integral gives at the limit

1

v Jo YB(X,Y)[VUO(X)JFVyﬁ(X’)/)]V‘U(X) dxdy = (f, V) -1Q) Hi(Q)-
X
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The periodic unfolding method 5. Homogenization of the model problem

Take now as test function

VE(x) = eW(x) (g LV ED(Q), ¥ € Hhey (V).
L B (Vi) ()T (V) didly
|Y| QxY
1 <
Vil B® T.(Vu:) Vyy(y) T (V) dxdy = (f, Ve) H-1(Q), H1(Q)-
|Y’ QxY 0

Since v — 0 in H}(RQ), passing to the limit one has

1

T B(x,y)[Vuo(x) + V,u(x, y)]W(x)V,1(y) dxdy = 0.
Y] Jaxy

By the density of the tensor product D(Q2) ® HL.,(Y) in
L2(Q; H}o,(Y)), this holds for all ® in L2(Q2; HL.(Y)). O
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1. Application to multi-scale problems

lI. Periodic unfolding and multiscales

The periodic unfolding method turns out to be particularly
well-adapted to multi-scales problems.

Consider two periodicity cells Y and Z. Suppose that Y

is “partitioned” in two non-empty disjoint open subsets Y; and Y5,
iie.suchthat YiNYo=0and Y =Y;UYos.

Let A% be a matrix field defined by

Al e Then

A (x) = x .
L)) e e

where A; and A, have the same properties as before. Here there

are two small scales, € and &d, associated respectively to the cells
Y and Z.
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1. Application to multi-scale problems

Consider the problem
/ ARV usVw dx = / fwdx, Ywe H}Q),
Q Q

with f in L2(Q). The Lax-Milgram theorem gives the existence and
uniqueness of u.s in H}(Q) satisfying the estimate

ezl iy (a) ||fHL2
0($2)

So, as above there is some ug € HJ(Q2) and T € L3(Q; Hp, (Y))
such that,
uss — ug  weakly in H&(Q),

and
TE(Vuas) — Vug+ V,u weakly in [2(Q x Y).

These convergences do not see the oscillations at the scale 4.
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1. Application to multi-scale problems

In order to capture them, one considers the restrictions to the set
Q x Y2

V55(X7y) = TS(RE(UEJ))’YQ-

1
g
Obviously,

Vs — Tly, weakly in L2(Q; HY(Y2)).

Apply to v.s a similar unfolding operation, denoted ’Z:sy, for the
variable y, thus adding a new variable z € Z.

T (ves)(x, y,2) = ve(;(x,é{%} Z+5z) forxeQ, yeYoandze Z.

All the estimates and weak convergence properties for the original
unfolding 7Z¢ still hold for Ty with x being a mere parameter. —
There is 7 € L?(Q x Y3, per( )/R) such that

T (Vyves) = Vg, + V.0 weakly in L2(Q x Y2 x Z),
’];y (’Z}(Vua;)) — Vupg+V,u+V,u weakly in L2(Q X Yy x Z).
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1. Application to multi-scale problems

Theorem. The functions

u € Hy(Q), U € L(Q Hper(Y)/R), € LX(Qx Y2, Hyer(Z)/R)

per

are the unique solutions of the variational problem

( 1 R B
izl / //A2(Z) Vo + V, @+ V,3] [V¥ + 7,0 + V0] dxdydz

+|\1/|//A1(y) Vo + V| [V + v,0] dxdyz/f\lf dx,
Qv Q

YV € Hy(Q), Vo € L*(Q; H), (Y)/R), VO € [*(Q x Qo, Ha (Z2)/R).

per
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I1l. Periodic unfolding in perforated domains The unfolding operator in perforated domains

Perforated domains

Same notations

= = {geZN,a(§+ Y)cQ},

Q. = interior{ U z—:(§ +V)}, Ao =Q\ Q..
§E=.
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II1. Periodic unfolding in perforated domains

The unfolding operator in perforated domains

The notion of periodig unfolding is well adapted for perforated
domains, almost all the results of concerning fixed domains still
hold.

Let S be a strict closed subset of Y and set Y* = Y \ S (the part
occupied by the material).

Here Y happens to be a parallelotop, but the definition holds for a
general Y.

Periodic unfolding method and multi-scale problems



II1. Periodic unfolding in perforated domains The unfolding operator in perforated domains

The perforated domain Qf is obtained by removing from 2 the set
of holes S,

=Q\S., where S.=|Je(¢+5).
£eG

The sets Q* (blue and green), QF (blue) and A* (green).

M ¥
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II1. Periodic unfolding in perforated domains The unfolding operator in perforated domains

Definition For any function ¢ Lebesgue-measurable on QF, the
unfolding operator 7. is defined by

d)(s [ﬂ . —i—ay) a.e for (x,y) € Q. x Y*,

7 (0)(xy) =
a.e. for (x,y) e A, x Y™

The relationship between 7. and 7 is given for any w defined on
22, by
1 (w) = T(w)

Iy

= The operator 7 enjoys properties which follow directly from
those of 7;.
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II1. Periodic unfolding in perforated domains The unfolding operator in perforated domains

The main convergence result requires that the perforated cell Y*
satisfy the following geometrical hypothesis :

The open set Y* satisfies the Poincaré-Wirtinger inequality for the
exponent p (p € [1,+0o0]) and for all vector b;, i € {1,...,n} of
the periodicity basis, the open set interior(Y* U (b; + Y*)) is
connected.

The bounded open set O satisfies the Poincaré-Wirtinger inequality

for the exponent p € [1,+00] if there exists a constant C, such
that

Vue WH(0), |lu— Mo(u)liro) < Gl Vullio):

If the reference hole S is compact in a parallelotop Y, and if Y*
satisfies the Poincaré-Wirtinger inequality for p € [1, +oc], then
the geometrical hypothesis holds true.

Periodic unfolding method and multi-scale problems



II1. Periodic unfolding in perforated domains The unfolding operator in perforated domains

In general, the cell Y is not a parallelotop, and this requires the
use of another reference cell with a more general shape.

No choice of parallelotop gives a connected Y*, while there are
many possible Y's that give a connected Y*.
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II1. Periodic unfolding in perforated domains The unfolding operator in perforated domains

Main theorem. Let w. in WYP(Q}) satisfying
[V Well(Lr@zyy < C.

Then (up tp a subsequence), there exist w in W1P(Q) and w in
LP(Q; Woel (V™))

TX(we) — w  strongly in LP (Q; WHP(Y™)),

TH(we) = w  weakly in LP(Q; WEP(Y™)),
T77(Vw:) = Vw +V,w weakly in LP(Q2 x Y™).

Periodic unfolding method and multi-scale problems



Application to the classical periodic homogenization in perforated domains Dirichlet and Neumann conditions

Classical homogenization in periodically perforated domains

One can treat a full range of problems without asking nor that the
holes do not intersect 02, neither that 9S be sufficiently smooth
(necessary for having extension operators to the whole of Q). It is
again elementary to homogenize the Dirichlet-Neumann problem

—div (A°Vu:) =f inQ,
u: =0 on 9Q NI,
Au.-n. =0 ondS.NOQL.
and the Neumann problem
—div (A°Vu)+u.=1f inQf,
{ A%u.-n. =0 on 0.
For both problems one has
Yl
Y|

with ug solution of the corresponding homogenized-problem.
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Application to the classical periodic homogenization in perforated domains Robin boundary conditions

Robin boundary conditions on the boundary of the holes

In the same framework, consider the following non-homogeneous
Neumann problem, :

—div (A°Vu:) =f inQ,
u: =0 on 9QI N o, (6.1)
Afu.-n.=g. ondS.NQ.

The domain Q is bounded with Lipschitz boundary 99Q2. The
function g. is given in L2(0S. N Q). The variational formulation is

Find u. € H3(Q; 009 N Q%) such that
A*Vu. Vv dx = /

/ fvdx +/ g-vdo(x),
Q: Q 85.nQ

Vv € HY QL 09N o).

*
€

Difficulty : the treatment of the surface integral.
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Application to the classical periodic homogenization in perforated domains Robin boundary conditions

The boundary unfolding operator

For p be in (1,+00), suppose that 0S has a finite number of
connected components and that 95 is Lipschitz. The boundary of
the set of holes in Q2 is 9S: N 2. Then a well-defined trace operator
exists from WLP(QF) to W1-1/PP(S.).

Definition For any function ¢ Lebesgue-measurable on 8@: Nnose,
the boundary unfolding operator 7.* is defined by

b% -
gb(s [g] y + 5y> a.e. for (x,y) € Q. x9S,
a.e. for (x,y) €A x09S.

T (9)(x,y) =

If o € WHP(Q2), T(yp) is just the trace on S of T* ().
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Application to the classical periodic homogenization in perforated domains Robin boundary conditions

The operator ’Teb has similar properties as the previous unfolding
operators. In particular, the integration formula reads

1
elY] Jaxas

To(0)(x.y) dx do(y) = /A o(x) do(x).

0S.

One can now give several convergence results allowing to give the
limit of the integral

/ g-v do(x), with v € H}(Q).
95:.NQ

To do so, one has to make some hypothese on the behaviour of g..

Periodic unfolding method and multi-scale problems



Application to the classical periodic homogenization in perforated domains Robin boundary conditions

Example.
If there exist g in L2(Q x 0S) and G in L2(Q) satisfying

TP(g.) — g weakly in L?(Q x 9S),
%Mas(’fgb(gg)) — G weakly in L%(Q),

then the limit of [,5 o g-v do(x)is

15]
Y]

[ Mostyaig)x) - vvx) o + 'fys,' Gx)v(x) d.
Q Q

where yy =y — My=(y).
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Multi-scale problems

Multi-scale domains

The unfolding methods for fixed domains and for perforated
domains, can be combined to consider mixed situations.

Let Y* be a subset of Y, and Y, be given an open subset of Y*
with Lipschitz boundary. Denote Y*\ Y2 by Yi. Let Z be another
periodicity cell, and ¢, 0 be two small parameters.

For x in (R™)*, set A%® be a matrix field defined by

a({z),) e {Fen
LB ) e 2 ew
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As before, the perforated domain 2} is defined by
Q' =Q\S..

So, Q¥ has e—periodic holes (the set S.) and a e—periodic set of a
composite material corresponding to the set Yo .
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Multi-scale problems

The homogenized problem corresponding to
/ APV u Vv dx = / fvdx, Vv Hi(Q5;00n00,

is of the form
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for W € H}(Q), ® € L2(Q; H,,(Y*)/R) and
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Multi-scale problems Small and big holes

Domains with “small’ holes

To treat such a situation one defines an appropriate unfolding
operator depending on several small parameters.
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Multi-scale problems Small and big holes

Reticulated structures
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Multi-scale problems Small and big holes
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