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o Approximation of vector fields and differential forms
@ Construction of the discrete spaces
@ The commuting De Rham diagram
@ Maxwell eigenproblem: B-splines discretization
@ Maxwell eigenproblem: NURBS discretization

R. Vazquez (IMATI-CNR ltaly) Introduction to Isogeometric Analysis Santiago de Compostela, 2010 2/17



Part |

Approximation of vector fields and differential forms J
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Setting of the problem
Let 2 be a Lipschitz domain described by a NURBS mapping

F:Q— Q, Q being the unit cube.

We define the functional spaces

H(d, Q) = {ue L5(Q) : due 2(Q)}, lulagn = llullo+ [ldulo

HYQ)/R 2% H(curl, Q) — H(div, Q) —2 12(Q).
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Setting of the problem
Let 2 be a Lipschitz domain described by a NURBS mapping

F:Q— Q, Q being the unit cube.

We define the functional spaces

H(d,Q) = {ue [’(Q) : due ’(Q)}, lullag=lulo+ ldulo
HYQ)/R 2% H(curl, Q) — H(div, Q) —2 12(Q).

For FEM, we have the following compatible discretization

curl div .
Nodal FE —— Edge FE ——— Face FE ——— Disc. FE.
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Setting of the problem
Let 2 be a Lipschitz domain described by a NURBS mapping

F:Q— Q, Q being the unit cube.

We define the functional spaces
H(d, Q) = {ue L5(Q) : due 2(Q)}, lulagn = llullo+ [ldulo
HYQ)/R 22 H(curl, )~ H(div, Q) —% 12(Q).
For FEM, we have the following compatible discretization

Nodal FE —82%, Edge FE ', Face FE —%¥ Disc. FE.

Approximation of vector fields: we seek for a NURBS or Splines
discretization compatible with this structure.
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Setting of the problem
Let 2 be a Lipschitz domain described by a NURBS mapping

F:Q— Q, Q being the unit cube.

We define the functional spaces
H(d, Q) = {ue L5(Q) : due 2(Q)}, lulagn = llullo+ [ldulo
HYQ)/R 22 H(curl, )~ H(div, Q) —% 12(Q).
For FEM, we have the following compatible discretization

Nodal FE —82%, Edge FE ', Face FE —%¥ Disc. FE.

Approximation of vector fields: we seek for a NURBS or Splines
discretization compatible with this structure.

Applications: electromagnetic problems, Darcy's flow, Stokes’ flow...
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: univariate B-splines and NURBS

S&/NE - univariate Splines/NURBS of degree p and regularity « at knots.

d _
{dxv: v e Sg} = 55_11
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Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,P2,P3 _ GP1 P2 P3 pP1,P2,P3  _ p\JP1 P2 P3
S _Sa1®5a2®5 N, _Na1®Na2®Na3-

«a,00,003 as )’ 1,000,003
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Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,P2,P3 _ GP1 P2 P3 pP1,P2,P3  _ p\JP1 P2 P3
S _Sa1®5a2®5 N, _Na1®Na2®Na3-

«a,00,003 as )’ 1,000,003

Let us not keep track of the regularity a in what follows...
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
50t17042,a3 - SOq ® Saz ® S, N, - Noq ® NOQ ® Na3‘

as )’ 1,000,003

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ/\d’i\/\
R So %, 5 S, —V, 5 0
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
50t17042,a3 - SOq ® Saz ® S, N, - Noq ® NOQ ® Na3‘

as )’ 1,000,003

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ/\d’i\/\
R So %, 5 S, —V, 5 0

30 — GP1:P2,P3
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Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
50t17042,a3 - SOq ® Saz ® S, N, - Noq ® NOQ ® Na3‘

as )’ 1,000,003

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

A/rﬁ,\aﬁ/\d’i\/\
R So 2%, 5 S, —V, 5 0

§0 — GP1:P2,P3

grad : 50 N SPI ,P2,P3 X 5P17P2 »P3 X 5P1>P2:P3 = 51
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Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

a3’ Q1,000,003 1

pL,p2,P3 _ GP1 P2 P3 pL,p2,P3  _ pJP1L p2 p3
50‘17042&3 - SOq ® Saz ® S, N =NJ @ N2 ® Na3.

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ,\d’i\/\
R So %, 5 S, —V, 5 0

§1 — §Pi—Lp2ps o gP1,P2—1,P3 . GP1,P2,P3—1

curl : S — gpup2—lp3—1 o gpi—=1,p2,p3—1 o gp1—=1,p2—1,p3 — S5
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Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
50t17042,a3 - SOq ® Saz ® S, N, - Noq ® NOQ ® Na3‘

as )’ 1,000,003

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ/\d’i\,\
R So %, 5 S, —V, 5 0

§2 — gpup2—1,p3—1 o gp1—Lp2,p3—1 o gp1—1,p2—1,p3
div:S, — Spi—lp—1,p3—1 — Ss
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
5a17a2,a3 - Soq ® Sa2 ® Sa3 ’ Na1,a2,a3 - Noq ® Na2 ® Naa‘

Let us not keep track of the regularity a in what follows...
Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ/\gi\/\
R So %, 5 S, —V, 5 0

@ The sequence is exact.

@ Generalization of nodal, edge and face elements with higher regularity.
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
5a17a2,a3 - Soq ® Sa2 ® Sa3 ’ Na1,a2,a3 - Noq ® Na2 ® Naa‘

Let us not keep track of the regularity a in what follows...
Differential operators: we look for discrete spaces in Q such that

A/rﬁ/\aﬁ/\gi\/\
R So %, 5 S, —V, 5 0

@ The sequence is exact.
@ Generalization of nodal, edge and face elements with higher regularity.

But what about NURBS?
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A~

Vector fields - approximation in {2
Buffa, Sangalli, V., 2010

To recall some notation: multivariate B-splines and NURBS

P1,p2,P3 _ CP1 P2 P3 P1,p2,P3 P1 P2 P3
50t17042,a3 - SOq ® Saz ® S, N, - Noq ® NOQ ® Na3‘

as )’ 1,000,003

Let us not keep track of the regularity a in what follows...

Differential operators: we look for discrete spaces in Q such that

—

Ny =

b~ R

The derivative of a NURBS is not a NURBS.

curl

Ny

The diagram for NURBS does not hold true.

D. Arnold (et al.) 06-10 teach us that /V/; are then not suitable for vector fields approximations
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Vector fields - SPLINES approximation in

Spaces on ) are defined just by push forward:

5,’ = (/i(g,'), /V,' = Li(//\\/,').
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Vector fields - SPLINES approximation in

Spaces on ) are defined just by push forward:

5,’ = (/i(g,'), /V,' = Li(//\\/,').

H(u)oF = DF~ T, curl conforming mapping
F
/F\
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Vector fields - SPLINES approximation in
Spaces on ) are defined just by push forward:
5,’ = (/i(g,'), /V,' = Li(//\\/,').

() o F = (detDF) "' DF u, Piola mapping
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Vector fields - SPLINES approximation in
Spaces on ) are defined just by push forward:
5,’ = (/i(g,'), /V,' = Li(//\\/,').

B3(¢)oF = (detDF)*l&ﬁ\, 3-forms mapping
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Vector fields - SPLINES approximation in

Spaces on ) are defined just by push forward:

5,’ = (/i(g,'), /V,' = Li(//\\/,').

For splines, everything then works thanks to the geometric structure:

grad div

curl .
HY(Q)/R —— H(curl,Q) —— H(div,Q) —— L?(Q)
grad curl div
S/R F4, g o, v,
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Vector fields - SPLINES approximation in

Spaces on ) are defined just by push forward:
5,’ = (/i(g,'), /V,' = Li(//\\/,').
For splines, everything then works thanks to the geometric structure:

HYQ)/R -2 H(curl, @)~ H(div, Q) —2 12(Q)

no?l nl?l HQ?l r|3?l

50 /]R grad 51 curl 52 div 53

How can we define the commuting interpolants 1'?
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Vector fields - SPLINES approximation in

Spaces on ) are defined just by push forward:

5,’ = (/i(g,'), /V,' = Li(//\\/,').

For splines, everything then works thanks to the geometric structure:

HYQ)/R -2 H(curl, @)~ H(div, Q) —2 12(Q)

no?l nl?l HQ?l r|3?l
50 /]R grad 51 curl 52 div 53
How can we define the commuting interpolants 1'?
e Construct (commuting) one-dimensional projectors.
@ Construct the projectors in Q with tensor product structure.
e Pull back from Q to €.
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.

MNgs=s, VseS§,

|U|Hk(l) < C|U|Hk(7)7 Vu e Hk(ovl)a 0<k< p+1,

where | = (§,&+1), and [ is a local extension.
L.L. Schumaker. Spline functions: basic theory, 2007.

Y. Bazilevs, L. Beirao da Veiga, J. Cottrell, T.J.R. Hughes, G. Sangalli, 2006.
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.

First idea: tensor products of ﬁ’; choosing the right degree p.
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.

First idea: tensor products of ﬁg choosing the right degree p.

The diagram is not commutative, because even the 1D diagram is not:
d d

—u

e,
dx 7 st

o1
S dx
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

Starting point: we know the local and stable projector ﬁg
Second idea: define ﬁﬁ_l such that the 1D diagram commutes.
d
R —— H(0,1) —%— 12(0,1) —— 0

= Sp—1
ngl fie l

R —— S& L>SP:11 — 0
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Construction of the interpolants for Spline spaces

Buffa, Rivas, Sangalli, V., 2010

Starting point: we know the local and stable projector ﬁg
Second idea: define ﬁﬁ_l such that the 1D diagram commutes.
d
R —— H(0,1) —%— 12(0,1) —— 0
iz | izt |
R —— Sk N Sp:l — 0

So, we define it as

~ d ~ x
nAa ly = dxﬂg/o v(€)d¢, Vv e 3(0,1).
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Construction of the interpolants for Spline spaces

Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.

Second idea: define ﬁﬁ_l such that the 1D diagram commutes.
d
R —— H(0,1) —%— 12(0,1) —— 0

~ Sp—1
ngl fie l

R —— Sk Lsf’:l — 0

So, we define it as

~ d ~ x
nAa ly = dxﬂg/o v(€)d¢, Vv e 3(0,1).

It is a stable and local projector:
M 's=s VseSP i,

o—

|ul s <C\u\Hk , Yue H*(0,1),0< k <p.
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.
Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.

Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.

For instance, for
Sl — gpi—Lp2ps o GPLP2—1.p3 o GP1.P2,P3—1

we define

M= (M2 e N2 o) < (MF e N2 e fig) < (M2 e NZ @ N5
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

- . . - Ap
Starting point: we know the local and stable projector Is.
Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.
Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.

With this choice, the diagram in Q is commutative.

— —

HYQ)/R 220 H(curl, )~ H(div, Q) —T 12(Q)

fio | | e | |

-~ grad -~ corl ~ I ~
So/R B, S — S —— S
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.
Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.
Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.

Last step: define the interpolants in Q by push forward techniques.

J(Mig) = T/ (4)), Vée H,Q), i=0,...,3
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

. . . =72
Starting point: we know the local and stable projector Is.

Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.

Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.
Last step: define the interpolants in Q by push forward techniques.

With the definition of these interpolants, the diagram is commutative.

HYQ)/R 22 H(curl, )~ H(div, Q) —2 12(Q)

o el el ]

rad | di
SO /R g 51 cur| 52 v
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Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

Starting point: we know the local and stable projector ﬁg
Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.
Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.

Last step: define the interpolants in Q by push forward techniques.

With the definition of these interpolants, the diagram is commutative.

HYQ)/R 22 H(curl, )~ H(div, Q) —2 12(Q)

T
SR L M, A, g,

The projectors M’ are local and L?(2)-stable.

R. Vézquez (IMATI-CNR ltaly) Introduction to Isogeometric Analysis Santiago de Compostela, 2010 8 /17



Construction of the interpolants for Spline spaces
Buffa, Rivas, Sangalli, V., 2010

Starting point: we know the local and stable projector ﬁg

Second idea: define /I'\Iﬁ_1 such that the 1D diagram commutes.

Next step: in Q, take tensor products of ﬁg and ﬁf‘_l.

Last step: define the interpolants in Q by push forward techniques.

With the definition of these interpolants, the diagram is commutative.

HYQ)/R 22 H(curl, )~ H(div, Q) —2 12(Q)

T
SR L M, A, g,

The projectors M’ are local and L?(2)-stable.
The same idea can be used in spaces with boundary conditions.
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Approximation estimates
Buffa, Rivas, Sangalli, V., 2010.

Assume F: Q — Q belongs to Ng and F~1 is piecewise regular.

@ Let K be an element of the mesh on the physical domain: 0 < ¢ < p

lu =l < Collull gy 1= 0.3,
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Approximation estimates
Buffa, Rivas, Sangalli, V., 2010.

Assume F: Q — Q belongs to Ny and F~! is piecewise regular.

@ Let K be an element of the mesh on the physical domain: 0 < ¢ < p
i 1 .
lu— Wl uai) < Cllullyegg iy =03
As a consequence

lu— |_|1U||H(curl Q) < ChEHUHHZ(curI Q)
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Approximation estimates
Buffa, Rivas, Sangalli, V., 2010.

Assume F: Q — Q belongs to Ny and F~! is piecewise regular.

@ Let K be an element of the mesh on the physical domain: 0 < ¢ < p

. , )
|u—N"ullyai k) < Ch H“HH@(df,R)v i=0,...,3,
As a consequence

lu— |_|1U||H(curl Q) < ChEHUHHZ(curI Q)

Reducing the continuity we can obtain estimates in terms of p.
o If & = max{a;} < 5L then

|lu— I'I"uH,_,(d,-vK) < C(h/p)gHuHHg(d,k), i=0,...,3.

Beirdo da Veiga, Buffa, Rivas, Sangalli (2009).

R. Vazquez (IMATI-CNR ltaly) Introduction to Isogeometric Analysis Santiago de Compostela, 2010

9/17



Maxwell eigenproblem: B-splines discretization

Maxwell eigenproblem
Find u € Ho(curl,Q), u# 0 and A € R, A # 0 such that

/curlu-curlv:)\/u-v Vv € Hy(curl , Q)
Q Q
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Maxwell eigenproblem: B-splines discretization

Maxwell eigenproblem

Find u € Ho(curl,Q), u# 0 and A € R, A # 0 such that

/curlu-curlv:)\/u-v Vv € Hy(curl , Q)
Q Q

Theorem

If there is a commuting diagram with local and L?(2)-stable projectors,
the Galerkin approximation is spurious-free and optimal.

D. Arnold, R. Falk, R. Winther, Bulletin A.M.S. (2010)
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Maxwell eigenproblem: B-splines discretization

Maxwell eigenproblem
Find u € Ho(curl,Q), u# 0 and A € R, A # 0 such that

/curlu-curlv:)\/u-v Vv € Hy(curl , Q)
Q Q

Theorem
If there is a commuting diagram with local and L?(2)-stable projectors,
the Galerkin approximation is spurious-free and optimal.

D. Arnold, R. Falk, R. Winther, Bulletin A.M.S. (2010)

The B-spline discretization fulfills the theorem: it is spectrally correct.
@ Exact CAD description of the geometry.
@ Higher regularity than standard edge elements.

@ Singular functions are approximated correctly.
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Maxwell eigenproblem in the patch Q

We solve the eigenvalue problem: Find u # 0 and w # 0 such that

curlcurlu = w?u in Q,

uxn=0 ondQ.

We solve with a Galerkin projection on 3170, and different degrees p.
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Maxwell eigenproblem in the patch Q

We solve the eigenvalue problem: Find u # 0 and w # 0 such that

curlcurlu = w?u in Q,

uxn=0 ondQ.

We solve with a Galerkin projection on 3170, and different degrees p.

In terms of d.o.f., we obtain better convergence rate than edge elements.

X
- et
= =
o 5
() ()
=" 2 ——IGA p=2
= +
< ®OF | —e—IGA p=3
) O -
o* IGA, p=4
o = -®-FEM,p=2
10} -®-FEM,p=3
* 0" FEM,p=4
10 o 10" ) 2 k) o
I W w0 % o
Mesh size Degrees of freedom
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Maxwell eigenproblem in the patch Q

We solve the eigenvalue problem: Find u # 0 and w # 0 such that

curlcurlu = w?u in Q,
uxn=0 onodQ.

Fill-in of the matrix with respect to FEM. Sparsity pattern is similar.

0

100

200

300

400

500

600

700

0 200

400 600 0 200 400 600
nz = 33408 nz = 77856
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Maxwell eigenproblem in the patch Q

We solve the eigenvalue problem: Find u # 0 and w # 0 such that

curlcurlu = w

u ianZ,
uxn=0 onoQ.

We solve with continuous fields: the divergence is well defined.

It is an oscillating field, and converges to zero with order hP—1,

[divug|| 2

Mesh size

LAAS $OOO® L XX X
LU DO LN OO
B OO X
i o
’.-’- ‘-.0‘ -.’}-
LN N U ()
FOO-OME X X X OO
Ol T Onl0
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XXX % OO0 T XX X,
2 X IO ORI X X X
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Maxwell eigenproblem: Fichera’s corner

We solve the eigenvalue problem: Find u # 0 and w # 0 such that
curlcurlu = w?u in Q,

uxn=0 onof.

Interaction between edge and corner singularities.
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Maxwell eigenproblem: Fichera’s corner

We solve the eigenvalue problem: Find u # 0 and w # 0 such that
curlcurlu = w?u in Q,
uxn=0 onodQ.
Interaction between edge and corner singularities.

We get a good approximation of the singular functions.

Eigenvalues computation
CODE by || S. Zaglmayr | M. Duruflé | IGA, p=3
d.o.f. 53982 177720 8421
Eig. 1. 3.2199939 3.2198740 3.2194306
Eig. 2. 5.8804425 | 5.88041891 | 5.8804604
Eig. 3. 5.8804553 | 5.88041891 | 5.8804604
Eig. 4. 10.6856632 | 10.6854921 | 10.6866214
Eig. 5. 10.6936955 | 10.6937829 | 10.6949643
Eig. 6. 10.6937289 | 10.6937829 | 10.6949643
Eig. 7. 12.3168796 | 12.3165205 | 12.3179492
Eig. 8. 12.3176901 | 12.3165205 | 12.3179492
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Maxwell source problem: non-convex domain

We solve the source problem, with mixed boundary conditions.
curlcurlu +u =f.
The geometry is described exactly with only three elements.

Domain with a reentrant edge (as the L-shaped domain).

R. Vazquez (IMATI-CNR ltaly) Introduction to Isogeometric Analysis Santiago de Compostela, 2010 13 /17



Maxwell source problem: non-convex domain

We solve the source problem, with mixed boundary conditions.
curlcurlu +u =f.
The geometry is described exactly with only three elements.

Domain with a reentrant edge (as the L-shaped domain).
The solution is u = grad(r?3sin(20/3)), and u € H?/3~%(curl , Q).

The convergence rate in energy norm is h%/3, as expected.

Relative error

Mesh size
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Maxwell eigenproblem: NURBS discretization

If we try to discretize the problem with NURBS, in the form:
Find up € Ny, up £ 0 and X € R, X\ #£ 0 such that

/curluh-curlvh:)\/uh-vh Vv, € Nq,
Q Q
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Maxwell eigenproblem: NURBS discretization

If we try to discretize the problem with NURBS, in the form:
Find up € Ny, up £ 0 and X € R, X\ #£ 0 such that

/curluh-curlvh:)\/uh-vh Vv, € Nq,
Q Q

the diagram does not hold: spurious eigenvalues appear.

I
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Maxwell eigenproblem: NURBS discretization

If we try to discretize the problem with NURBS, in the form:
Find up € Ny, up £ 0 and X € R, X\ #£ 0 such that

/curluh-curlvh:)\/uh-vh Vv, € Nq,
Q Q

the diagram does not hold: spurious eigenvalues appear.

In the continuous case, we have the equivalent mixed formulation:
Find (u, p) € Ho(curl, Q) x H}(R), A € R such that

/ curlu - curlv—|—/ Vp-v= )\/ u-v Yve Hy(curl,Q),
Q Q

/ Vg-u=0 Vg € H3 (Q).
The two discrete formulations are equivalent for B-splines.
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Maxwell eigenproblem: NURBS discretization

If we try to discretize the problem with NURBS, in the form:
Find up € Ny, up £ 0 and X € R, X\ #£ 0 such that

/curluh-curlvh:)\/uh-vh Vv, € Nq,
Q Q

the diagram does not hold: spurious eigenvalues appear.

For a NURBS discretization, the two formulations are not equivalent.

Find (up, pp) € N1 x Np, A € R such that

/curluh-curlvh+/Vph-vh:/\/uh-vh Yvy, € Ny,
Q Q Q

/th-uh—o Van € Ny.
Q
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NURBS discretization: numerical results
Buffa, Sangalli, V. In preparation

The domain € is described with a NURBS mapping.
Solution of the mixed formulation with a NURBS discretization.

—e— 3" eigenvalue
—o— 8" eigenvalue
19" eigenvalue

——y=ch®

-15 -1 -05 0 05 1 15 107

NURBS map of fine mesh * Mosh size

@ The results are spurious-free, with optimal convergence rate.
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NURBS discretization: numerical results
Buffa, Sangalli, V. In preparation

The domain € is described with a NURBS mapping.

Solution of the mixed formulation with a NURBS discretization.

1

NURBS map of the coarsest mesh

@ The results are spurious-free,

15

2

25

3

with optimal convergence rate.

.
.
.
3
P,
Pid —e— 1% eigenvalue
.

—6— 2" eigenvalue
3 eigenvalue
—&— 4" eigenvalue
5" eigenvalue
y=chtB
[

107
Mesh size

@ Also the singular functions are approximated correctly.
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NURBS discretization: numerical results
Buffa, Sangalli, V. In preparation

The domain € is described with a NURBS mapping.
Solution of the mixed formulation with a NURBS discretization.

16
-

14 P

5 .
12 10 hd

= v

T P eprra—

1 o Lo7 | —e—1%cigenvalue

08 = e —o— 2" eigenvalue

= . 3 eigenvalue
06 ﬁ’E L —&— 4" cigenvalue
0.4 0" e 5™ eigenvalue

.7 y=ch*?
02 e - = —y=ch®
1 15 2 25 3 107
107
Mesh size
NURBS map of the coarsest mesh

@ The results are spurious-free, with optimal convergence rate.
@ Also the singular functions are approximated correctly.

The spectral correctness can also be proved for (mixed) NURBS.
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Conclusions

@ Isogeometric Analysis has been extended to the approximation of
vector fields.

» Generalization of edge and face elements
» Higher continuity than standard finite elements.
» Exact geometry description.
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Conclusions

@ Isogeometric Analysis has been extended to the approximation of
vector fields.

» Generalization of edge and face elements
» Higher continuity than standard finite elements.
» Exact geometry description.

@ Complete theory for Maxwell, and promising numerical results.

@ Further comparisons with FEM will be done in the future.

COMING SOON
The GeoPDEs code: a research tool for Isogeometric Analysis of PDEs.
Open OCTAVE (compatible with MATLAB) implementation of the method.
Joint work with C. de Falco and A. Reali.
http://www.imati.cnr.it/geopdes
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