Modelling combustion of coal particles®

A. Bermudez', J.L. Ferrin!, A. Linan? and O. Lépez!

() Departamento de Matemdtica Aplicada. Universidad de

Santiago de Compostela. 15706 Santiago. Spain

) E.T.S. Ingenieros Aeronduticos. Universidad Politécnica de
Madrid. Spain.

1 Introduction

The combustion of carbon particles has been the subject of many analytical
and empirical research because of the practical utility of this topic with re-
spect to pulverized coal combustion, which is the most widely used method
in coal-fired power plants. Two classical pappers by Nusselt [11] and Burke
and Schumann [1] can be considered the first important contributions to the
field from a theoretical point of view. In the former, it is assumed that oxi-
dation of carbon only takes place at the surface of the particle producing CO
and COs,, depending on the temperature. In the latter, owing to reaction
with C'Oy carbon is consumed and then the C'O formed reacts with oxigen
producing C'O, at a flame sheet.

More recently Libby and Blake [3] and Libby [2] develop a theory to deter-
mine the combustion rate based on the conservation laws for the particle
and the surrounding gas. They assume three chemical reactions, two hetero-
geneous at the surface of the particle and another one homogeneous taking
place in the gas phase, in the neighbourhood of the particle. Using the same
methodology as Lifidn [4], i.e. high activation energy asymptotics, they ana-
lyze the limit cases where the homogeneous reaction is either frozen or in
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equilibrium.

Transition between the two situations have also been analyzed in Matalon
8], [9] and [10]. In Makino and Law [7] an ignition criterion for the CO flame
is obtained. Finally, approximated explicit expressions for the combustion
rate are obtained by Makino [6].

In the present paper we recall the models obtained in Libby and Blake [3]
and then we do mathematical analysis to show existence of solution. We
also solve them numerically and compare the computed solution to those
obtained when some approximated explicit solutions are considered.

2 The combustion model

We consider a simplified kinetic model consisting of the three following chem-
ical reactions:

e Carbon oxidation by carbon dioxide

COy+C —=2CO+ (q1) (2.1)
e Carbon oxidation by oxygen

1
502 + C—-CO + (QQ) (22)

e Carbon monoxide oxidation by oxygen

1
cO + 5 02 — COQ + (Q3) (23)

where ¢;, 1 = 1, 3 denote the heat of the reaction ¢ per unit of mass of carbon
(1 =1,2) and carbon monoxide (i = 3).

The first two reactions take place on the surface of the particle while the
third one can occur either on the surface of the particle or in the gas next
to it, depending on the oxygen and carbon monoxide local concentrations in
the gas environment. We analyze the two limiting cases of infinitely fast and
frozen gas-phase reaction (2.3).



3 Modelling the gas-phase

In this section we suppose reaction (2.3) takes place in the gas-phase very
close to the particle under consideration. If we restrict our attention to the
case of low Peclet number, based on the relative velocity of the particle to
the local gas environment, then the effect of this ambient gas on the particle
may be neglected and the particle and the surrounding concentration and
temperature fields be considered spherico-symmetrical. Let indices 1, 2 and
3 denote the species C'Oy, O3 and C'O respectively. In spherical coordinates
the conservation equations for the gas-phase are the following

op 10, , B
EjLﬁ_r(r p'U) = 0 (31)

Y, oY, 10,, 0Y,
Pt TP g PPy = s (3.2

or T 19 ,, 0T
pCa‘l‘p'UCE—ﬁE(T kfa) = (Q3Ws (33)

where v is the radial velocity, Y, the mass fraction of species «, 1" is the
temperature, ws is the mass combustion rate per unit volume of species 3
due to the chemical reaction (2.3) taking place in the gas-phase, s,, « = 1,2, 3
are stoichiometric coefficients relating the mass production rate of species «
to ws, D is a diffusion coefficient which is supposed to be the same for all
species, c is the specific heat and k the thermal conductivity of the gas.
From the momentum equations we can estimate the spatial variations of
pressure in the flow field around the particle. It turns out to be so small that
in the equation of state for the gas mixture we can replace p by its value p,
in the gas environment far from the particle. If we consider the gas to be a
mixture of perfect gases the equation of state becomes

p, = PRT/M (3.4
where M is the molecular mass of the mixture, i.e.

1 Y,

— =), 3.5

i A (3.5)
and R is the universal gas constant.
We adopt the following expressions for w, (see for instance [3]):

wy = p2Y21/2Yg,Bge_E3/RT (3.6)
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As usual Bjs denotes a frequency factor which is proportional to Yl_llé ?3 (the re-
action is catalyzed by water vapor) and Ej the activation energy for reaction
(2.3).

4 Quasi-steady gas-phase model

An asymptotic analysis similar to that in Linan[5] shows that the character-
istic response time of the gas phase at a distance r from the center of the
particle of the order of 6, (the radius of the particle), is short compared to the
change in boundary conditions at the moving interface r = d,,. This allows us
to use the quasi-steady state approximation in the analysis of the gas-phase
response, that is, to neglect the time derivatives in equations (3.1)-(3.3).
Thus they can be written as follows:

pur? =m (4.1)
%% — %%(rzpD%) = _741113 (4.3)

where 477 denotes the carbon rate of combustion due to the surface reactions
(2.1) and (2.2). These equations, which hold for r > 4,, have to be integrated
for the following boundary conditions:

o Atr — o

Yo = Yy, fora=1,23 (4.6)
T o= T, (4.7)

where index g stands for values of fields in the ambient gas at the
position of the particle under consideration.

o At the surface of the particle: r =6,

Y, = Y., fora=1,2,3 (4.8)
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T = T, (4.9)

my; — 7’2,0D%|T:6p = —%ml (4.10)
mYs — rzpD%V:&p = —gmz (4.11)
mYs — r2pD%lm% = 13—4m1 + ng (4.12)

mcl — rzk‘ccll—flrzép = mcl, — 5§qg (4.13)

where 7 and o denote the carbon reaction rate due to surface reactions
(2.1) and (2.2), T,, denotes the temperature of the particle and ¢, is the heat
flux coming to the particle by conduction from the gas. We have

= 1y + 1y (4.14)
aTr

=k— 4.15

19 dr |r=6p ( )

5 Infinitely fast gas-phase reaction

5.1 Separated flame sheet

Solving this system of differential equations is not an easy task. However the
problem becomes much simpler in some limit cases. In what follows we shall
describe the process in the limit of infinite Damkohler number for the gas-
phase reaction. In this limit the reactants cannot coexist because equations
(3.6), (4.3) and (4.4) imply

YoV =0 (5.16)

Then the chemical reaction is confined to an infinitely thin reaction zone, or
flame sheet, at r = ry, separating an interior region without oxygen and an
outer region free from carbon monoxide.

The reactants reach the reaction zone at stoichiometric proportions from
both sides by diffusion and the production terms in equations (4.3)-(4.5) be-
come Dirac delta measures.

This diffusion-controlled model results from a direct use of the Burke-
Schumann analysis of diffusion flames for infinitely fast reactions.

b}



On the other hand, to be coherent with the assumption of infinitely fast gas-
phase reaction we will take Y3, = 0 in this section.

Now we use the classical linear combinations of equations (4.3)-(4.5) show-
ing that the Shvab-Zeldovich coupling functions follow the same conservation
equations as a passive scalar, i.e.

m d 7 d 7

Yy ) - g mg(%—;%ﬂ:=0 (5.17)
m d 11 1 d d
§%m+1%%~—ﬁmQ“m+4m}=0 (5.18)
md ' 7 d cr 7

2 g ZY2) 2d7“{ Ddr(q_+4Y2)} =0 (5.19)

On the other hand, as already mentioned, the infinite Damkohler number
assumption implies
Yo, = 0inr <ry (5.20)
Y = Oinr>rp. (5.21)
Notice that, as a consequence of (5.20), if §, < ry then the heterogeneous
reaction (2.2) cannot take place. Then 7s = 0 and rm = 1.

By integrating equations (5.17)-(5.19) once in r and considering the flux
boundary conditions (4.10)-(4.13) at r = §, we obtain

7 d 7 14
m(Ys — ZY2) -r de (Y3 — ZYQ) = gm (5.22)
11 d 11 11 .
m(Y: + 1 —Ys) —r PDd (Y1 + 1 —Ys) = —zm (5.23)
7 d 7 .
m(cT + 41/2613) —r de (T + 4Y2Q3) = mcl, —dq,  (5.24)

This system has to be integrated once again by using boundary conditions
(4.6)-(4.9). First we make only use of those at = oo to get

7 14 7 14 s 1o
L L A L DL (5:25)
11 1111 11
}/1+4}/é = —?—F(?—FY 4Y)_>\5PL6/T (526)
7 02
T+ Yags = ch—pW‘(H—{(T T,)
7 513 —Xop /T
+ ZY29Q3 + a%}e ! (5.27)



where we have denoted by A the nondimensional combustion rate defined by

me
A= —. 5.28
i (5.28)
and by Le the Lewis number
k
Le = —— 5.29
¢= 2D (5.29)

Then we use boundary conditions at » = ¢,. Thus equations (5.26)-(5.27)
lead to expressions giving A and g,

1 11 11 11
A= L—el”{(§ + Vi + 13/29)/(3 +Yis)} (5.30)
K TYouts. A
- Yyr -1y 4 Ll 31
qg 5{(9 p)+4 c }6)\_1 (53>

p

because Yo = 0 at r = d,. On the other hand equation (5.25) enables
us to determine the flame location 7, as follows: at r = 7y we must have
Y5 = Y3 = 0 and hence

3
eArle/rs — 1 4 Voo (5.32)

from which r; can be obtained.

Let A, be defined by . ;

Eln(l + ngg). (5.33)
Notice that, apart from the Lewis number, \. only depends on the oxygen
concentration of the ambient gas.

Then for A < A. we have ry < §, from (5.32), which is impossible. This
corresponds to the case where the three reactions (2.1)-(2.3) take place on
the surface of the particle, which will be analyzed later.

If A > A\. we may obtain from (5.27) the temperature of the flame

Ae =

5;2;(19 1.7 55 3
Ty =Ty — AT =T+ (3 Yagts + —49)}/ (1 + SYag) (5.34)
and from (5.25) the following expressions for Y5 and Yj:
8 8
Y, = —3 + (§ + Yoy )e M0 le/m if > ) (5.35)
14 14 7
Yé = ? - (? + i}ég)e_)\épLe/r if r < Ty (536)
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The two equations (5.30) and (5.31) have five unknowns 7}, §,, Y15, A and
qg- To get a closed system we have to add the equations corresponding to
mass and energy balance and chemical kinetics on the surface of the particle,
namely

d(3m63) ‘
Pp gdt P2 = —4mm (5.37)
4 dr, 1
gwéz’ppcpd—f = 4rdlq, + 47‘(‘522,6(1 / I(w)dS(w) — oT))  (5.38)
S
L, :
&g = &~ @i+ g (5.39)
p
ml = 5127316_E1/RTpp}/15 (540)
mg = 5127326_E2/RTP[)YV25 (541)

where p, and ¢, denote density and specific heat of the particle, respectively,
q¢p is the total heat flux to the particle, € is emissivity, o is the Stephan-
Boltzmann constant and /(w) is the radiation intensity in the direction w at
the position of the particle.

Recall that, since A > A\, oxygen is completely consumed by the gas-phase
reaction at r = r; and hence 1y = 0.

From the whole system (5.30), (5.31) and (5.37)-(5.41) we finally get

do, k
— = —\— 5.42
p dt ppc ( )
dp dr, k A
eyt = (T, — Tp)———
BPpCp dt 5p( g p)e)‘—l
k7 A
AR VAN
* 5pc(4 S — k)
1
+ e(Z/I(w)dS(w) —oT)) (5.44)
S
where Iy and Fi()\) are given by
2 pgTy opc
— Bje ®h Pote %€ 4
lCl 1€ Tp 2 (5 5)
11 11 11
Fl()\) = —E + (3 + )/ig + Zyég) 6_)\Le. (546)



We have made use of the fact that
PTy = pgly, (5.47)

which follows from the state equation (3.4).

5.2 Contiguous flame sheet

In this section we consider the case where A < A. as defined by (5.28) and
(5.33). This corresponds to the three reactions (2.1)-(2.3) taking place on
the surface of the particle. We still assume the reaction (2.3) to be infinitely
fast.

In this case the gas-phase equations become

pvr? =m (5.48)
mdY; 1d, ., dY;
adr PP = 0 (5:49)
mdY, 1d , dYy
g =0 (550)

ndl’ 1 T
md d 2kl (5.51)

because no reactions take place in the gas. On the other hand boundary
conditions are
o At r — o0
Yo = Yy fora=1,2 (5.52
T =T, (5.53)

o At the surface of the particle: r =,

Yo = Y, fora=1,2,3 (5.54)

T = T, (5.55)
myl—r?pp%lrzép _ 13—1(m1+m2) (5.56)
m@—r?pp%lr:ép _ —g(m1+m2) (5.57)
mel — r%Z—Z'T:&p = 1T, — 0oqq (5.58)



A first integration of equations (5.48)-(5.51) with boundary conditions (5.55)-
(5.58) gives

d 11

m}ﬁ—r2pD%Y1 = 3 (5.59)
. o - d 8
mYs —7r pD%YQ = —3m (5.60)
d
meT — rzk‘%T = T, — 62qq (5.61)

A second integration taking boundary conditions at infinity into account
leads to

11 11

Vo= 5t (g Yyg)e i (5.62)
8 8
Yy = =gt (Yot g)e M (5.63)
52, O\ e
T = T———+{T, =T+ —=q}e Adp/ (5.64)

In particular, at the surface of the particle we obtain the values of Y;, and
Y5, given by

11 11
)/15 = ? + (_E + 19)6_)\Le (565)
8 8

Notice that Yo, > 0 if and only if A < A, which is in agreement with the
previous analysis for a separated flame sheet. In particular, Y5, corresponds
to A = A..
These expressions are to be replaced in equations (5.40) and (5.41) for
and rhy while the heat flux to the gas phase is now given by

1 . . 14 7.

dg = dp — ﬁ{fhml + g2 + Q3(§m1 + gmz)} (5.67)

p
Now, we can write equations for T}, 6,, Y15, Yas, A and g,. They are (5.65),
(5.66) and the following ones:

e S W (5.68)
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A= A+ (5.69)

dp dT, k A k14
Pt S (s AN R AN TN
3 Pror gy 5p( g p)€)‘ " 5pc{( 3@t @1)M
7 1
+ (gq:s + @) A} + 6(1 / I(w)dS(w) —oT))  (5.71)
S
where K; is given by (5.45),
11 11
B\ = 5+ (—3 + Ylg) e e (5.72)
and Ky and Fy()\) are given by
— B2 p, T, 6,
= By ®t Lota BC .
’CQ 2€ Tp L (5 73)
8 8 —ALe

5.3 Mathematical analysis

In this section we prove the existence of solution for the model we have
obtained in the previous section. In a first step we study the nonlinear
equation giving A\. To begin with, notice that equation (5.43) may be included
in (5.70) by defining functions F} and F, as follows:

g+ (v A<
BN)=9 "11 V/n 11 (5.75)
—E + <§ + }/19 + Zyég) e—)\Le 1f )‘ Z )\C

(5.76)

Then we prove the

Lemma 5.1 Functions F} and F, are continuous.
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Figure 1: Function Fj(\)

Proof. It is enough to see that for A = ). the asigned values to F; and F,
are the same. Indeed, notice that if A = A\, then

Vip = (- 1) (5.77)
and hence
11 11 11 e 11 11\ e
3 + (3 + Yy, + ZY29) e tele = 3 + <Ylg - ?) ek, (5.78)
On the other hand we have
8 8
3t (5 + Y2g> e le =0 (5.79)

which completes the proof.0

Curves p = Fi(\) and p = Fy(\) are represented on the A — p plane in
figures 1 and 2, for Y3, = 0.11 and Y5, = 0.13. In this case A, = 0.06019.

For the sake of simplicity we denote by G the function defined by

GO\ = KiFL(\) + KaFa (). (5.80)
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Figure 2: Function Fy(\)

Now we prove the existence of a positive solution for the equation
A=G(N) (5.81)
giving . As coefficents ; and Ky are always positive, we have the following

Proposition 5.1 There exists A € [0,1/Le), positive solution of the equation
(5.81).

Proof. Notice that if (A, 71) is an intersection point of the lines p = A and
= G(A) then X is a solution of (5.81).
On the other hand F;(0) = Y3, and F5(0) = Y5, hence

G(0) > 0. (5.82)
Furthermore, since A\, < 1 we have
11 11 11
G(I/Le) = Kl{—g + <§ + )/1g + Z)/Qg) 6_1} <0 (583)

so the two lines must intersect at some (A, 77) with A € [0,1/Le).0

Now we deal with the energy equation which can have the two forms
(5.44) or (5.71) depending on whether A < A. or not. It is not difficult to see
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that for A = A, the right hand sides of these two equations coincide.
Indeed, it is enough to use continuity of Fj, the fact that Fy(\.) = 0 and the

equality
7 1 14
4% Ale — 1 3" (5:84)

which follows from (5.33).

5.4 An approximated explicit expression for the com-
bustion rate

The mathematical model introduced in the previous sections involves the
nonlinear equation (5.81) which needs using an iterative algorithm for nu-
merical solution. In this section we obtain an approximation leading to a
linear eqution. It is based on the fact that in many practical situations
ALe < 1 and then

e M1 — \Le (5.85)

By replacing this approximation in (5.75) and (5.76) we get the following
approximated expressions for F; and F3

11 11

—+ (Y, — = ) (1= ALe) for contiguous flame
! 11 11 11
Y + 3 + Y, + ZYgg (1 —ALe) for separated flame
(5.86)
—8+ 8+Y (1—ALe) f ti fl
By = 3 3T Y2 e) for contiguous flame (5.87)
0 for separated flame

Now we have to give a criterion to distinguish between the two cases of
contiguous and separated flame sheet. For this we first write the equation
(5.32)

3 —ALel2
(1+ 2 Yag)e My 21 (5.88)
and use approximation (5.86). Then the limit case §, = ry corresponds to
1 1
Ae=—1—-—%—) (5.89)
Le'™ 1+ 3Yy,
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It is not difficult to see that this choice guarantees continuity of functions F}
and FQ.

By replacing these approximations in (5.43), (5.69) and (5.70) we get the
following explicit values for A:

A= Kby, + KoY (5.90)
1= Le(Ki(5 — Yig) + Ka(=Yzg — 5))
for the case of contiguous flame sheet and

T I+ KiLe(Y +Yh, + 0V,

for the case of separated flame sheet.
From (5.89) and (5.91) it is straightforward to obtain the following criterion
for the flame to be separated:
1 Ya,
Notice that if Iy > K; and Iy > 1 then
1 Yy
T LeYy +§

(5.93)

for contiguous flame sheet. Similarly, in the case of separated flame sheet, if
K1 > 1 we get the approximation
1 Yy, + Yy
Le & + Yy + 5 Y

(5.94)

5.5 Numerical solution

In this section we describe the numerical method employed to solve the equa-
tions given in section 5.3 defining the combustion of coal particles. This
system have three unknowns, A, ¢, and 7},. In a compact manner it can be
written as follows:

A= G(\G,.T) (5.95)
ddjj
o = T (5.96)
dT,
d—tp = 9(X 6, T}) (5.97)
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where GG, f and g are defined in sections 5.5 and 5.6.

This system consists of one algebraic equation and two ordinary differential

equations. To solve it we use the following discretization method:
Associated with a time step At we define approximations

A"~ A(ty,)
by = 6p(tn)
T ~ T (1) (5.98)
where t,, = nAt.

At step n we know A", 6 and T} then we compute approximated values at
time ¢,,41 by

(1) = (o)

A7 = f(\") (5.99)

Tn+1 _Tn
% = g(>\n,(5;;+1,T;L+1) (5100)
)\n-i-l — G(}\n-ﬁ-l’ 5Z+1’T:+1) (5‘101)

Implicit equations (5.100) and (5.101) are solved by using Newton’s method.
We present numerical results to compare the solution of the model given in
section 5.1 to the one corresponding to the asymptotic model obtained in
section 5.4.

They have been computed for the following data taken from Libby and Blake

3]:

e ambient gas:

pg = 0.241633 kg/m?, v, =15 m/s,
T, = 1500, K Yi, = 0.11,
Ya, = 0.13, Yay = 0,

k = 6.61276 102 j/(mKs), c¢=1.1704 10% j/(KgK).

e particles:

pp = 1.5 103 kg/m3, ¢, =2.006 10% j/(KgK),
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e chemical reactions:
By = 1.1 10* m/s, B, = 1.75156 108 j/mol,
B, = 3.8 10° m/s, By = 1.49706 108 j/mol,
q = —1.43583 107 j/Kg,
g2 = 9.20157 10° j/Kg,
g3 = 1.0097 107 j/Kg.

e radiation:

e=09, o=>5669610"° W/(m*K?), I(w)= 22 W/(m?str).

and the initial conditions
5p0 = 10_4 m, Tp(] =600 K.

Figures 3, 4 and 5 show, respectively, the evolution in time of the radius
of the particle, its temperature and the nondimensional combustion rate A,
obtained with both the “exact” and the “asymptotic” models.

Figure 3: Radius: (x) exact, (o) asymptotic
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Figure 4: Temperature: (x) exact, (o) asymptotic

Figure 5: Nondimensional combustion rate: (x) exact, (o) asymptotic
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6 Frozen gas-phase reaction

In the previous sections we have assumed that the gas-phase reaction (2.3)
is infinitely fast. Now we address the situation where this gas-phase reaction

is frozen.

6.1 A mathematical model

In this case the right-hand sides of the gas-phase equations (4.2)-(4.5) vanish
because w3z = 0 and hence we have

mavi 1,
r2 dr r2dr
mdly _ ii( 2
r2 dr r2dr "
vy 14,
r2 dr r2dr "
mdTl ii

_ 2
r2dr r2dr (r

and boundary conditions are

e Atr — o0

Y, =
T = T

g

por?

=m

Y,
&):0

Yoq for o =1,2,3

o At the surface of the particle: r =4,

Yo
T

dY;

mY, — 7’2,0D—1
dr |r=s,

dY:

mYs, — r? ,OD—2
dr |r=s,

dyY:

mYs — r? ,OD—3
dr |r=s,

dr

meT — r2k—
dr r=s,

19
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After integrating two times we obtain

11 1y 11 m, A6, L
Y = _ —_— Y P 6/7‘
| T +(3 —+ 19)€
Aring A1y el
Y — e e Y P e/r
2 37 T35, TYwe
141y Tihe 147y Ty “\5,L
Ve — e 22 2y, ple/r
3 s tam T3 T T
52% 5129 A6
p —AO0p /T
T = T, = 224 {T, =T, + -Lg,}e /

At the surface of the particle (r = J,) we obtain the following values

Yis, = 3 (13_1%_1_3/19) “ALe
Yo, = —%%ju(%%_l_yzg) —ALe
4 = E(Tg—Tp)ekA1

(6.14)
(6.15)

(6.16)

(6.17)

(6.18)
(6.19)
(6.20)

(6.21)

The two first of the above expressions are then used in (5.40), (5.41). Fur-
thermore the heat flux to the gas phase is given by (5.39).
Finally, by introducing the nondimensional partial combustion rate numbers

miC

\ = i =1,2
ks,
we get the system of equations
dé k
P N
dt PpC
A= M+ X
11 11\ AL
M = K{———+(——+Y ¢
! gy P e
4 N\g 4 \g AL
Ay = ——— 4+ (== +4Y- ¢
2 ]CQ{ 3 )\ _'_(3 >\ + 2g>€ }
dp dT, k A
bt =r _ (7T 7y
3Ppcp dt 5p( g p)€A_1

20
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k
+ @(Ch)q + q2)a)

+ E(E/S](w)dS(w)—aT;) (6.27)

where Iy and Ky are given by (5.45) and (5.73), respectively.

6.2 An asymptotic model

6.3 Numerical solution

In this section we show the numerical results obtained for the previous model.
We have used the same numerical scheme as in section 5.5. Computations
have been made for the data included there.

Figures 6 to 10 show, respectively, the evolution in time of the radius of the

particle, its temperature and the nondimensional combustion rates A;, Ao
and .

Figure 6: Radius
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Figure 7: Temperature

22



Figure 8: Nondimensional combustion rate: reaction 1
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Figure 9: Nondimensional combustion rate: reaction 2
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Figure 10: Nondimensional combustion rate: total
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