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Abstract
Using geometric algebra and calculus to express the laws of electromagnetism
we are able to present magnitudes and relations in a gradual way, escalating the
number of dimensions. In the one-dimensional case, charge and current den-
sities, the electric field E and the scalar and vector potentials get a geometric
interpretation in spacetime diagrams. The geometric vector derivative applied
to these magnitudes yields simple expressions leading to concepts like diver-
gence, displacement current, continuity and gauge or retarded time, with a clear
geometric meaning. As the geometric vector derivative is invertible, we intro-
duce simple Green’s functions and, with this, it is possible to obtain retarded
Liénard—Wiechert potentials propagating naturally at the speed of light. In two
dimensions, these magnitudes become more complex, and a magnetic field B
appears as a pseudoscalar which was absent in the one-dimensional world.
The laws of induction reflect the relations between E and B, and it is possi-
ble to arrive to the concepts of capacitor, electric circuit and Poynting vector,
explaining the flow of energy. The solutions to the wave equations in this two-
dimensional scenario uncover now the propagation of physical effects at the
speed of light. This anticipates the same results in the real three-dimensional
world, but endowed in this case with a nature which is totally absent in one or
three dimensions. Electromagnetic waves propagating exclusively at the speed
of light in vacuum can thus be viewed as a consequence of living in a world
with an odd number of spatial dimensions. Finally, in the real three-dimensional
world the same set of simple multivector differential expressions encode the
fundamental laws and concepts of electromagnetism.
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(Some figures may appear in colour only in the online journal)
1. Introduction

The concept of a geometric algebra was first established by Grassmann [1, 2] to encode the
main elements of a geometric space. Clifford [3, 4] later added the quaternions developed by
Hamilton [5-7], which encoded the operations on these same spaces [8], together with the
main concept of a geometric product between these elements. Greatly overshadowed [9] by
the vector algebra developed at the time by Gibbs [10] and Heaviside [11], which was thor-
oughly employed to express and to manipulate Maxwell’s equations for electromagnetism,
geometric algebra has nonetheless survived and it has been revived by authors like Hestenes
[12, 13]—which has shown that the geometric product and its algebraic properties can be effi-
ciently applied to differential operators—as a new language for mechanics, electromagnetism
and modern physics.

Readers who are not familiar with the geometric algebra of spacetime should be careful to
avoid confusion with the usual 3-D spacetime algebra. Appendix A presents the main concepts
and relations such as multivectors, geometric product, spacetime directions, indexes and their
rules, vector derivative, space—time split, relative vectors, spatial directions, and cross product.

In this framework, the set of Maxwell’s equations can be unified in the simple expression
VF = J (see equation (A1.3) of appendix A for the definition of F, J and V), which is the
electromagnetic field equation (or simply, field equation) in geometric algebra. With the help of
a space—time split, this formula can be translated to relative vectors, getting in this way the four
Maxwell equations in the usual vector formulation. Natural units (like the Heaviside—Lorentz
ones) where j1, = 1 and g = 1 are being used consistently and, consequently, the speed of
light has the value ¢ = 1.

As explained in appendix A, we will use the symbols ~; and o; to represent directions in
spacetime and in the associated space. In the case of multivector directions, the subindexes
follow the convention;; = ~;7;... and

0. = 0,0}... (11)

This is a conveniently compact way to express the base elements of the spacetime algebras
throughout this paper.

The product of the base vectors is called the pseudoscalar, which is a n-vector encoding the
directionality of the whole space.

The symbol i identifies the Euclidean pseudoscalar (i, in our notation), in order to keep the
expressions valid for dimensions other than 3.

In order to apply a space—time split to the field bivector F' we consider the following
expressions (see appendix A.2 for more details):

F=E+iB (1.2)
—’}/()F’)/() =E-iB (13)

where E = 1/2 (F — ~F~) anticommutes with 7y, and /B = 1/2 (F + ~oF ) commutes with
“Yo-

E is the electric field corresponding to the temporal component of the bivector F, and the
product iB corresponds to the purely spatial part of the spacetime bivector F. We identify B
with the magnetic field. In all dimensions, the electric field is a relative vector, but the magnetic
field is a relative vector only in three dimensions. In the two-dimensional world the magnetic
field is a scalar magnitude, and in the one-dimensional world it is totally absent.
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The expression (1.2) is formally equivalent to the Riemann—Silberstein complex representa-
tion for the electromagnetic field [14—16], although the pseudoscalar i in the geometric algebra
of spacetime has a geometric meaning which is more general than the abstract imaginary square
root of —1 used in the complex representations of the EM field.

The bivector F can be derived from a vector-valued potential function A by means of the
formula: VA = F together with a gauge to eliminate ambiguities. For reasons that will be
discussed later, we apply the Lorenz gauge:

V-A=0. (1.4)
The form of the field equation in geometric algebra using this vector potential is
VF =V (VA) = V’A = J. (1.5)

The rest of this paper is devoted to the application of this geometric algebraic strategy to
spaces of increasing dimensions, where we will use the convention n-D to refer to a space
of n dimensions and (1, n) to its corresponding spacetime. The formulation for electromag-
netism as provided by an unified language for physics [17], developed by Hestenes with the
names of geometric algebra [18, 19] and geometric calculus [20, 21] provides us with a math-
ematical tool capable of working in different dimensions, and we will use this capability in
order to present the main electromagnetic concepts in a sequential way, beginning with the
lowest number of dimensions (1, 1) and reaching finally its highest order (1, 3). This process
was named by Wheeler [22] as dimensional reduction, although using a different mathematical
approach.

As R Penrose wrote [23], if one lives in spacetime of a particular sort, the classical electrical
and magnetic fields develop naturally as a consequence. We will try to show how this is made
possible in spacetimes of increasing dimensions.

In every step of this dimensional escalating sequence we will begin with the field equation

VF=J (1.6)

and separate it in multivector components, identifying the resulting expressions as the equiva-
lents of Maxwell’s laws for this dimensional world. After applying the corresponding space-
time splits, we get these laws expressed in the more conventional vector algebra formula-
tion, allowing us to identify the relevant electromagnetic magnitudes and their properties.
In every step we will rely—if not otherwise stated—in the results obtained in the previ-
ous—Ilower-dimension, which explains the name of dimensional scaffolding applied to the
resulting dimensional increasing sequence.

The resulting concepts and relations will be illustrated in a visual way using geometric
figures in purely spatial or spacetime diagrams. The sequence of diagrams, beginning with a
one-dimensional (linear) 1-D space and its (1, 1) spacetime, followed by a two-dimensional
(plane) 2-D space and the corresponding (1, 2) spacetime, will provide a gradual visualization
of the main electromagnetic concepts. Otherwise elusive concepts like the displacement cur-
rent, the retarded time and its corresponding Liénard—Wiechert potentials and fields, the null
cones and the propagation of signals, will get a clear geometric meaning which will evolve
gradually as we increase the dimensionality of the physical space. In a few cases—Ilike the
Green’s functions and their effects on the propagation of potentials and fields—a striking dif-
ference appears between dimensions, showing that the real physical world as we know it would
be quite different in other dimensions.
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2. Dimensional scaffolding

In order to present the electromagnetic magnitudes in a sequential way, we will use a strategy
of dimensional scaffolding, beginning with a one-dimensional world and adding successive
spatial dimensions to get finally the whole set of magnitudes.

This process can be understood in two complementary ways:

Either as a series of toy universes, where the laws of electromagnetism keep the same overall
form, or as a series of special situations, where the symmetry of the arrangement allows us to
keep some of the spatial dimensions out of the equations.

The discussion about the real number of dimensions of the Universe has been recently
enriched with proposals that question the existence of three spatial dimensions at the very first
moments of the Big Bang [24, 25]. The absence of gravitational waves in lower dimensions
makes the search for experimental evidence about those early universes theoretically possible.
Under this perspective, our work could make an interesting contribution to the properties of
EM waves in these early universes with lower dimensionality.

In each dimensional step (n) of the dimensional scaffolding process we begin with the
orthonormal vector basis {v¢, 71, ...7v,} for the (1,n) dimensional spacetime algebra and,
after space—time splitting, we use consequently the new orthonormal relative vector basis
{01, .., 0, }. Both bases are intimately related by o, = 7, so there is no ambiguity.

The geometric product of all the vectors of a certain basis is called a pseudoscalar. Strictly
speaking, both algebras have a different pseudoscalar, as explained in appendix A, and we thus
write i), for the pseudoscalar of the (1, 7n) spacetime algebra and i, for that of its associated
n-dimensional even subalgebra of relative vectors.

In our analysis of the EM field equations the spacetime pseudoscalar i}, does not play a
significant role, but the associated pseudoscalar i, is key for expressions like the cross-product
or the magnetic field. To keep track with established expressions, through the text we write
it always as i, under the convention that in any particular dimensional step this has to be
read as i,. Since in the dimensional scaffolding process we don’t mix different dimensions,
no unnecessary mistakes should arise from this simplification.

The square of the pseudoscalar is of great geometric significance, and it is given by

Py, =1, = (=1 e 2.1
=i =1 (2.2)
P, =ih=-1 (2.3)
i3 =i%=—1 24

We can observe that i> has the same value fora (1, n) spacetime and its associated n-dimensional
relative vector space. This means that the corresponding geometric properties are shared by
both.

This is not the case, however, when comparing a n-dimensional space with a (1,n — 1)
dimensional spacetime, because their pseudoscalars do not always have the same square in spite
of having the same overall dimensions. A clear example would be the comparison between a
(1, 1) pseudo-Euclidean plane as in figure 2, with i = 1, with a two-dimensional Euclidean
plane as in figure 3 (where i> = —1). These comparisons have a geometrical nature, and since
they would affect physical magnitudes in worlds of different dimensions we don’t take them
further into account in this paper.
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Figure 1. (1-D) one-dimensional space. Two particles are shown moving along the x-
axis, one to the right (oq) and the other one to the left (—oy).
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Figure 2. (1, 1) bidimensional spacetime corresponding to a one-dimensional world
represented by the horizontal x-axis as in figure 1. The vertical 7-axis represents time
increasing upwards, from the past (down) to the future (up) through the present (x-axis).
In natural units, the speed of light (¢ = 1) corresponds to the dashed diagonal lines.
Three directions are shown with arrows: a timelike direction (), a spacelike direction
(1), and a spacetime bivector direction (v;). The curved line for ¢, over the x-axis is
a hyperbolic arc which follows the path of a particle with a positive acceleration, and
the one over the 7-axis shows the time dilation during a spacetime rotation. Also known
as boosts or Lorentz transformations, spacetime rotations have the speed of light as an
asymptotic limit, as is shown by both arrows curving toward the diagonal line.

The first step in this scaffolding process will be a one-dimensional space.
The pseudoscalars, in this case, are

i=1=0;="Y0= "1 = —iLI- (2.5)

In this toy Universe, objects can move only in one line, with two possible directions, given by
o1 and its opposite (—o7), as in figure 1.

To produce an arrangement with this desired symmetry, we could think about a situation
where a great cloud of uniformly distributed charges move only in one direction. This can
happen, for instance, in the interior of a plasma cloud, or in a waveguide.

Adding the time dimension, this produces a (1, 1) spacetime. Figure 2 shows a diagram of
this one-dimensional spacetime, which is divided vertically between past and future, being the
present the real world, represented by the horizontal x-axis, with a spatial direction ~y,. The
vertical direction -, represents the flow of time. A dashed line stands for lightlike (or null)
directions. In natural units, the speed of light ¢ = 1, corresponds to those diagonal lines with
unitary slope. Two curved arrows try to show the effect of a new bivector magnitude

Yo1 = YoV1- (2.6)
The fact that

Yorvo =" and Y171 =Y (2.7)
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Figure 3. (2-D) two-dimensional space. A second space direction (y) has been added
to the x-axis of figure 1. Two particles are shown, one moving horizontally in the x-
direction (o) and the other one moving vertically in the y-direction (03). Two grey
circles represent the unique bivector direction, with o, and 0,; = —0j, showing its
two possible orientations. The circular arrows reflect the rotating effect associated with
spatial bivectors. This should be compared with the hyperbolic shape of the spacetime
bivector arrows in figure 2.

shows that a differential operator with the spacetime bivector direction d+,, acting on a vector
a = apyy + a1y, would produce a change in the vector direction given by

dvo1a = dvo1 (aoyo + aiyi) = 9 (a1 + a1v) - (2.3)

In other words, the direction of change is symmetric to the original vector direction with respect
to the diagonal. This is known as a differential boost, and the figure resulting from successive
boosts (for example, in an accelerated movement) is an equilateral hyperbola as described by
Minkowski [26, 27]. This is the reason to represent the bivector direction 7, as a hyperbolic
arc. The observable effect of an electric field is the acceleration it induces on a test charge,
which gives this symbol a clear physical meaning: it represents the direction in which a positive
test charge would accelerate due to this bivector field. In contrast, when representing a purely
spatial bivector in the Euclidean plane, we will use a circular arc, which suggests an induced
circular motion. This will be visually clear when comparing figure 2 with figure 3.

The second step in the dimensional scaffolding process is a two-dimensional space. In this
toy Universe, objects can move on a plane. All the possible directions are given by the linear
combinations of two basis elements: (o7, 02).

Geometric algebra, as is shown in appendix A, introduces a new kind of direction in this two-
dimensional space, a bivector one, with two possible orientations, given by the pseudoscalar i
= ip = 0y and its opposite —i = 0.

Multiplying the pseudoscalar with the spatial directions:

i0] = 01201 = 0121 = — 0112 = —03 (2.9

i03 = 01202 = 0122 = O7. (2.10)

Pseudoscalar magnitudes act thus as rotating operators, either clockwise (o,;) or anti-
clockwise (073), like those shown in figure 3. Comparing with figure 2, we observe that there
were two privileged directions (the diagonals) corresponding to the null cones or light cones.
Figure 3, however, does not show any privileged or special direction. The bivector attitude in
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Figure 4. (1, 2) three-dimensional spacetime corresponding to a bidimensional world
represented by the horizontal x and y axes as in figure 3. The vertical t-axis repre-
sents time as in figure 2. The diagonal lines corresponding to the speed of light create
the so-called light cone. Three bivector directions are shown with curved arrows: two
hyperbolic spacetime bivectors (o1 and () as the one in figure 2, and a circular space
bivector as in figure 3 (7,1 = o2). If we cut figure 4 vertically or horizontally, we get
figures 2 and 3 respectively.

figure 3 is circular, corresponding to plane rotations, whilst the bivector attitude in figure 2 is
hyperbolic, corresponding to spacetime boosts.

This two-dimensional toy Universe is equivalent to an arrangement of indefinitely long
charged rods placed perpendicularly to a given plane, which would be our two-dimensional
space. This can happen, for instance, in the interior of a large coil, or in the vicinity of a planar
current.

Together with the time dimension, this produces a (1, 2) spacetime (figure 4).

Time is the vertical axis, space is a horizontal plane with coordinates (x, y) and light cones
separate two interior parts (future and past) from the exterior part with all the possible ‘presents’
for a given spacetime point (event) P.

Two timelike bivectors (o1, Yo2) With the same meaning as in figure 2 are also shown, as
well as the spacelike bivector ,; whose effect is equivalent to o, due to the fact that

012 = 710720 = —Y1002 = —V12 = Va1 (2.1
A three-vector direction 7yo;» would be the pseudoscalar in this spacetime
i1 = Y12 = —Y021 = —Y0012 = —Yol2 = —"ol. (2.12)

Finally, the third step in our dimensional scaffolding corresponds to the real three-dimensional
space and the (1, 3) Minkowski spacetime.
The pseudoscalar, in this case, would be

= i3 = 0123 (213)
It is equal to the corresponding spacetime pseudoscalar too:

[ = 010203 = 710720730 = 01720703 = Y0123 = 13- (2.14)



Eur. J. Phys. 42 (2021) 015204 X P Orban and J Mira

In any of the dimensional scaffolding steps we will work initially with spacetime multivectors
on the field equation, separating them in different multivector directions. Using the corre-
spondences obtained at the space—time split, we will express later the same equations using
their relative vector electric and/or magnetic components, which yields one of the Maxwell
equations. In this way we assure both formal coherence due to the fact that the field equation
does not change at all in this process (except for the reduction in dimensions), and at the same
time we keep the physical flavour of the well-known Maxwell expressions with electric and
magnetic vectors.

We will try to represent visually the main results in this process, using spacetime or purely
spatial diagrams depending on the dimensional step N being considered.

N = 1: the more interesting illustrations for the one-dimensional step correspond to the (1, 1)
spacetime diagrams because they show the effect of the non-Euclidean spacetime geometry on
the EM magnitudes. The corresponding one-dimensional spatial diagrams are trivially simple.

N = 2: in the two-dimensional scaffolding step, both diagrams are complementary: two-
dimensional (plane) figures allow us to represent the physical situation being considered, and
(1, 2) (three-dimensional) diagrams are sometimes used to emphasize specific spacetime geo-
metric structures like the null-cones. Perspective conventions are needed, which make them
more cumbersome.

N = 3:in the three-dimensional step, (1, 3) spacetime diagrams would have four dimensions,
and they cannot be represented as an image. The corresponding three-dimensional diagrams
are ubiquitous in the EM literature, so we didn’t bring them to the reader’s consideration here.

The following expressions will try to exploit the fact that geometric algebra allows to write
down most of its equations in a synthetic, coordinate-free flavour. A great advantage of this
approach is that it enables us to get rid of what Hestenes [28] called the ‘coordinate mathe-
matical virus’, meaning the widespread misbelief that vectorial calculations need to be made
using coordinates all the way.

In appendix B the same expressions are developed using coordinate expansions, in order to
get into the subtleties of these equations.

3. One-dimensional electromagnetism

The first step in this dimensionally scaffolding sequence corresponds to a (1, 1) version of
electromagnetism where magnitudes like charge, current, electric field, divergence, null cones
or waves, as well as some of their relations, will be introduced in a straightforward way tak-
ing advantage of simple spacetime diagrams in two dimensions. A similar approach has been
already used to introduce concepts like the mass-energy equivalence or the Compton effect in
a visual way [29].

The electromagnetic multivectors taking part at the field equation in this one-dimensional
case are:

V = 0o + 01
F = Fo1vo (3.1
J=Joyvo +J171-

The space—time split splits a vector into a scalar plus a bivector. The bivector acts like a vector
in Euclidean space (it is thus a relative vector). See appendix A.2 for details.

Jv =Jo+Jiop = p+(—j). (3.2)
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The minus sign for the current relative vector j is needed to assure a perfect accordance between
the spacetime current and its spatial counterpart, as shown in appendix B. It means that the
spacetime vector J is spatially reflected with respect to the current relative vector j, and this
does not imply any change in the latter:

VAo =0/0t+ 010/0x = 0/0t+ V (3.3)
F=Fovyi =Fpo,=Eo =E (3.4)

and there is no equivalent to a magnetic field in one dimension.
The field equation (equation (1.6)) in this one-dimensional world would be

VF =J = Jyy + i (3.5)

which can be separated in two multivector directions
Timelike vectors:

(V- F), = oimForvor = Jov- (3.6)
Spacelike vectors:

(V- F); = dovoForvor = Jim- 3.7

3.1 Gauss’s law in one dimension: electric field and charge density

The first part of the one-dimensional field equation corresponds to the timelike component of
the current vector

(Jo) : I Foivor = A Forvo = Joo (3.8)
implying
O Fo1 = Jo. (3.9
Translating to spatial components:
OE/Ox = p (3.10)
or, equivalently:
V-E=p. (3.11)

This equation is known as the differential form of Gauss’s law. It states the strength of the
electric field as due to the amount of charges, which act as the sources of the electric field.

3.1.1. Visualization of Gauss’s law in one dimension. Figure 5 shows a set of eight electric
charges (for the sake of simplicity, we suppose that all charges are positive and equal in value)
atrest in a given reference frame. The figure shows that the charge density p (which is inversely
proportional to the separation between charges) is greater to the right than to the left. We can
see also the electric field E as a relative vector pointing to the direction o at the right side,
and to the opposite direction —o; at the left side. Those relative vectors show the direction of
the force which would feel a test particle with positive charge placed in these positions.

9
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E=-Eo, E =Eog,

. -
© 0 0 00000 .

Figure 5. (1-D) space as in figure 1 with a set of particles at rest with positive charge.
The distance between particles is greater to the left side of the figure. In the continuum
approach, this would be observed as a charge density which increases to the right. The
field E points to the right on the right side, and to the left on the left side. It is possible
to identify visually the divergence of the field in the figure.

Ll
0= ‘r 0=0
0=2
_}}m TQ=1 ]()I
g %[ PTEM
] +
- 10
E(x)
E=-4 |-3|-2|-1DAR[3 E=4

Figure 6. (1, 1) bidimensional spacetime as explained in figure 2, with charges at rest
as in figure 5. The fixed positions of the charges are represented by vertical lines. An
additional vertical axis without geometric meaning is superimposed at the bottom, rep-
resenting the strength of the electric field E as a function of the position (x). The height
of the grey shapes corresponds to the charge density in the continuum approach, which
will be followed throughout the rest of this paper. Explanations in full detail for this
figure can be found in the text.

The corresponding spacetime diagram can be seen in figure 6, where the set of charges at
rest is represented by parallel vertical lines. The charge density between charges is p = 0. This
is the reason to represent the corresponding constant field strength E as horizontal segments
between charges.

We can recognize that the value of the electric field increases horizontally as if it were a
counter of charges. The Gauss equation dE/dx = p states that the charge density is equal to the
slope of the function E(x). In figure 6 this function is made up by successive steps (Heaviside
functions). The slope of the Heaviside function is the Dirac delta function, for this reason
the charge density would be in this case a sum of Dirac delta functions, having the value 0
between the charges. The grey shapes in the figure try to represent how the charge density,
which is inversely proportional to the spacing between adjacent charges, would look like if the
distance between individual charges were negligible (continuum approach).

In this case, where the charges are considered to be points, the £ function is an increasing
step function, resulting from the integration of a series of delta functions. This would be a
good point to introduce these functions to undergraduate students. In the continuum approach,
the steps vanish and the function E(x) would be represented by a continuous line (dotted in
the figure). Strictly speaking, we should use distribution theory [30, 31] to apply a differential

10
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b4 A

Figure 7. (3-D) space with charged plates. The common assumption that the surface of
the plates has an infinite (or at least very great) extension allows us to consider only the
magnitude of the electric field £ in one dimension, corresponding to the x-axis.

equation to discrete charges, but we will use always the continuum approach, where the charge
densities are approximated by smooth functions and the ordinary differentiation is applicable.

The current vector J is represented as an arrow in two cases (both vertically, because the
current component is taken to be zero).

The strength of the field in each segment is indicated by the numbers at the bottom and
the resulting graph for the field strength E in figure 6 is that of a step function. The field
strength is constant (4 or —4) beyond the position of the set of charges. The way the strength
of the field E measures the amount of charges is independent of the spacing of the charges.
In the figure, we begin the counting at the centre of the distribution of charges (or, in other
words, at the median of the charge density function), where the value of the field is E = 0.
We can count in the figure four charges to its right, so the field strength at the right part of
the figure will have a value of +4. The positive sign means that the direction of the bivector
E is 7yo;. The hyperbolic arc represents an accelerated movement to the right, meaning that a
positive test charge placed in this point would be repelled even farther right by the distribution
of positive charges. We can count other four charges to the left of the central point. In this case,
the counting yields increasingly negative values, reaching the value —4 at the left side of the
figure. The field bivector, in this case, has the direction —~¢;. The hyperbolic arc represents
again the accelerated movement to the left a positive test charge would undergo due to the
repulsion by the distribution of positive charges.

The hyperbolas representing the bivector F' on both sides of figure 6 have a visually recog-
nizable divergent attitude. This is a good starting point to explain the concept of divergence in
this early step.

It is interesting to note that the Gauss equation can be interpreted also as the way in which
the field E derives from the electric charges which are its sources.

In this case, where all the charges have the same sign, the electric field is proportional to the
amount of charges included in the interior of a Gauss surface (in one dimension, the surface is
formed by a pair of points bounding the charges).

We can even analyse how this applies to a situation with the needed symmetry, as it would
be the case of having an arrangement of several charged plates. Figure 7 shows two different
cases: the left case corresponds to a pair of infinite plates charged with the same sign. As in
the previous figure, the field E diverges outside the plates, and in this case it is equally null
between the plates. The right case can be used to present the concept of a capacitor, made by
two plates (which in this one-dimensional world would be reduced to two points) charged with
opposite signs. Gauss’s law can be applied to see that the field is only nonzero between the
plates, where it points from the positive to the negative charges.

1
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3.2. Ampere’s law in one dimension: charge and displacement currents

The second part (equation (3.7)) of the one-dimensional field equation corresponds to the
spacelike component of the current vector (J):

dovoFo1v01 = OoFo1ryi = Jivi, implying OoFo1 = Ji. (3.12)

Translating to spatial vector components: OE/0t = —}j.
Equivalently, in relative vectors:

OE/0t = —j. (3.13)
We can use this result to introduce the concept of displacement current:
jo =0E/ot (3.14)

It was proposed ad hoc by Maxwell in order to establish a coherent set of equations and, as we
have seen, it arises naturally using geometric algebra. In the one-dimensional world it reflects
the effect of a time-varying electric field on the electric current.

Jjo=J1=—] (3.15)
We could view this equation also as the form of the Ampere law in a one-dimensional world:
jop+j=0. (3.16)

This equation shows us that a ‘charge current’ j produced by the movement of charges (or, alter-
natively, by the movement of the observer’s reference system) is somehow compensated by a
displacement current jp which is due to the time evolution of the electric field. Under this view,
the displacement current would be a chargeless current, because it has no timelike component.
This apparently abstract quantity, proposed by Maxwell to get a coherent set of mathematical
equations, is a magnitude with real physical effects and showing interesting properties in other
dimensions, as we will see.

3.2.1. Visualization of Ampere’s law in one dimension. In order to visualize Ampere’s law in
this one-dimensional world, we can begin with an arrangement of charges at rest but viewed
from a reference system which is in movement with respect to the charges. They will no longer
appear at rest but they will have a ‘drift” velocity due to the relative movement of our reference
system.

Figure 8 represents the same situation as in figure 6, but viewed from a reference system
moving to the left. The charges have now a ‘drift’ velocity to the right. We have thus created a
charge current j (to the right) which is compensated by a displacement current jp = OFE/Ot.

The figure shows that the electric field strength E is decreasing (from 3 to 1 at the right
side) as time passes. The time derivative of E(f) will be negative and as a consequence the
displacement current jp, will point to the left.

A surprising feature in figure 8 is the fact that the charge-current vector J does not point in
the direction of the particles worldlines but it is reflected horizontally, following the direction
of the displacement current jp instead of the charge current j.

This reflection of the spacetime current vector with respect to the current lines is a geomet-
ric feature of spacetime that does not depend on the choice of space—time split, as shown in
appendix B.
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[ |
J=JgVo*d ¥ =evy 7,

Figure 8. (1, 1) bidimensional spacetime as in figure 6 after applying a boost to it. The
boost is a change in the reference system due to the observer’s movement. In this case, the
observer moves to the left, and as a result a drift current j appears to the right. The vertical
lines representing the position of the charged particles at figure 6 are now accordingly
inclined. The vertical dashed line helps us to identify the (negative) variation of the field
E with time from 3 to 1 on this place, which gives rise to the purely spatial (horizontal)
displacement current vector jp = JE/Ot. The vertical arrows which simply measured the
current density in figure 6, have evolved now to the full density-current vector J. The rest
of the symbols have the same meaning as in figure 6. More explanations can be found
in the text.

3.3. Vector potential in one dimension: null directions and retarded potentials

The potential vector function in this one-dimensional world has the form

A=Ay +Aim. (3.17)
The field equation (1.5), V2A = J with this potential becomes

(9% — %) (Ao + A1) = Joyo + 11 (3.18)

Separating the temporal and spatial components we get a pair of very similar differential
equations:

(0% —0%)Ao=1Jo and (9% —0%) A =1 (3.19)

which are the Poisson’s equations.
The most interesting case appears when we consider a chargeless space or vacuum: J = 0.
In this case, both differential equations reduce to the same form: (9y> — 9;2)A = 0 or,
equivalently,

D*A)Ox% — 0?PA/0x* =0 (3.20)

D*A)0r = 0°A/0x°. (3.21)
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This is the Laplace equation, which is also the wave equation in one dimension, and its solutions
have the form Ar (x — ) or AL (x + #) corresponding to waves propagating in vacuum with speed
¢ = 1. Ar(x — t) propagates to the right, and A (x + 7) propagates to the left.

A general solution for this one-dimensional wave equation has the form

A =Apy +A1y, with
Ag=apr (x —t) + aogL (x + 1) (3.22)
Ai=ar(x—10)+arL(x+1)

where (agr, aoL, air, ai1) are differentiable functions in both variables (x, #). Defining a phase
function ¢ either as

WrR=X—1 Or @ =x+1 (3.23)

we have two kinds of functions with the general form a(i), with derivatives a'(¢) = da/de.
Separating them in R and L functions

ar (pr) =ar (x — 1), aL(pL) =ap(x+1) (3.24)

and applying the chain rule, we get

Qoag = —d'r, Oiar = d'r
(3.25)
8oaR = —a’L, 8161L = a’]_.
The Lorenz gauge (equation (1.4)) V-A = 0 implies 0pA¢ = 014, and, since
DAy = —d'or (pr) + d'oL (¢£1)
, ) (3.26)
O1A; = —d'1r (pr) + @1 (pL)
we arrive to
dg=dg and dy =d|. (3.27)
In other words, Ay and A, differ only by a constant:
A =Ag+k (3.28)

and the general expression for the one-dimensional wave potential obeying the Lorenz gauge
will have the form

A =Apy + (Ao + k)1 = Ao (o +71) + kn (3.29)

where Ay is a linear combination of Ag(x — ) and Ay (x + 1).
The electromagnetic field derived from this potential has the form

F=VA=VAA=(9A)— 01Ap) Yo1- (3.30)
After calculating

oA = 0o [aor (x — 1) + aor, (x + 1)] = —d'or + d'o. 3:31)
D1Ag = Oy [agr (x — 1) + aor (x + 1)] = —d'or + d'o1. .

14
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we arrive finally to
F = (0oAo — 01A0) Y01 = 0. (3.32)

This means that every possible solution for a one-dimensional wave equation in the form of
potentials will yield a null electric field. In other words, all the possible solutions do not produce
any physically observable effect. As a takeaway, we could say that in a world with only one
dimension there would be no electric field for the potentials in the Lorenz gauge.

The product V-A is a scalar, and any choice of gauge different than V-A = 0 would imply the
existence of a non-vanishing scalar component at the electromagnetic field. The Lorenz gauge
is thus the best choice to get a compact set of equations using geometric calculus. The concept
of gauge implies a degree of freedom in the choice of potential functions which render the same
electromagnetic fields [32]. Our choice of the Lorenz gauge delivers potentials which behave
like spacetime vectors and therefore keep an overall coherence with the relativistic framework.
In classic EM, the fields are the observables, because they are directly related to the movement
of test charges, so the choice of a particular gauge has only a mathematical meaning without
any physically observable effect. In quantum EM, however, the potentials appear to be the real
physical objects [33-35].

Itis interesting to discuss here the relation of the potentials and the null cones. The potential
function A has the same form in any pair of spacetime points (events) which can be linked by
a diagonal line. In other words, if the potential function has the value A in some point, it will
keep this value in all the points of its null-cone.

It is useful to use the concept of retarded potential as the one that depends on the retarded
time, which can be defined at this early level as 7, = r — |x|, which is a measure of the time
lapse of the potential change from the point of view of an observer receiving its influence.

When dealing with higher dimensions, the existence of this retarded potential will be
fundamental to explain the existence and properties of electromagnetic waves.

Wheeler [22, 36], using the language of p-forms, has found interesting additional properties
in (1, 1) dimensions which enhance what he calls the ‘tutorial potential’ of EM as presented in
this dimensionally reduced spacetime.

He assumes the absence of electric charges as an initial condition for a one-dimensional
EM with electric (E) and magnetic fields (B) which generate one another under the rule of
differential equations. This produces a consistent mathematical structure but at the cost of
losing contact with the consideration of electromagnetism as a theory for the behaviour of
electric charges.

Symmetry properties like the symplectic structure of F' and the Hodge dual relationships
between the E and B fields are beyond the scope of this article and should be the subject of
further studies. A glimpse on this subject can be found at appendix B.3.

The presentation of EM at this extremely simplified (1, 1) level should therefore be taken
with care in order to avoid unnecessary assumptions, and this is also valid for our formulation
of a wave equation for the potentials. This mathematical result can be simply a consequence
of our consistent choice of the Lorenz gauge from the beginning. It is only interesting from a
conceptual point of view, as it allows for the presentation of the key concepts of the speed of
light and retarded time at a very early stage, but, as we have shown, they do not produce any
observable effect since the resulting electric field is constant. This should be stressed when
presenting EM with this dimensional upgrading approach. The concept of gauge as a way to
regulate redundant degrees of freedom in the Lagrangian is key for the understanding of gauge
theories, which are possibly the best way to describe the interactions between charges and
fields, and it could be introduced at this level to explain the difference between mathematical
results and their physical meaning.
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Figure 9. (1, 1) spacetime as explained in figure 2, showing potential wave
directions (dashed lines) and retarded time g of P’ with respect to the source P: g = tp’
—r(P' = P).

3.3.1. Visualization of vector potentials in one dimension. The general expression for the one-
dimensional wave potential obeying the Lorenz gauge, as we have seen (equation (3.29)), has
the form

A =Apy + (Ao + k)1 = Ao (o +71) + kn (3.33)

where Ay is a linear combination of Ar(pr) and Ay (¢r), being g and ¢y the phase functions
for waves propagating respectively to the right and to the left.

Figure 9 is a representation of the main magnitudes taking part in such a solution for
the wave equation. It is possible to recognise that the lines of constant phase (dashed lines)
correspond to worldlines with ¢ = 1, and this is the speed of light.

We can also observe the directions (o + ;) and (7o — ;) for any one-dimensional vector
potential in spacetime which is a solution of the wave equation with the Lorenz gauge. These
are null vectors, and we have also seen that such null vector potentials do not produce any field
F, which implies that there are no physical effects associated with such potential waves in a
one-dimensional spacetime.

The retarded time between the emitter P and the observer P’, tg, is also shown. It reflects
the time lapse (as measured by P’) from any influence coming from P. The retarded time from
every point in the future light cone of P is zero.

Figure 10 shows how this can be applied to explain the redshift due to the movement of the
source P from P, to P, (separated by a time delay 7, which we can consider equivalent to a
period for harmonic waves).

For observer A, lying in the direction of the advance of the source, the retarded time shows
a delay T while observer B, in the opposite side, measures a delay 7. The redshift is clear
from the figure, as Ty > Tp.

We could view these plane figures as (1, 1) sections of a general (1, 3) solution, but at
the cost of having to do previously all the mathematical treatment for three-dimensional EM
waves and without a clear visual or intuitive meaning. The fact that we arrived to these figures
with simple mathematical arguments in a one-dimensional world enables a clear understanding
of an essential geometric feature of spacetime, which is the presence of privileged directions
(diagonals in one dimension, null cones in greater dimensions), where the propagation of EM
effects at the speed of light fits neatly.

16



Eur. J. Phys. 42 (2021) 015204 X P Orban and J Mira
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Figure 10. (1, 1) spacetime as in figure 9, with the source P moving to the right from P,
to P,. The vertical distance between the dashed lines emitted from those two points is a
measure of the period 7. When the wave arrives to a receiving point A placed in front of
the emitting point P this period has diminished (7'4) whereas the receptor B at the rear
side of the source P measures a greater period (7'g). This is a visual explanation of the
Doppler effect.

Wheeler [22] has shown that even in this one-dimensional case it is possible to present in a
visual way Green’s functions, which are the key elements to construct retarded potentials and
fields from given sources.

4. Two-dimensional electromagnetism
We will use throughout this section the symbol i for the pseudoscalar
i=i,=o0p. 4.1)
Using equation (2.12),
I = —"0l12- (4.2)
In analogy with the alternative definition of a cross-product as explained in appendix A.2:
VX W=—v(iw) (4.3)
we can define a two-dimensional vector derivative on a scalar-valued function f(x, y) as
V x f ==V (if) = df /8,01 — Of /0,0, 4.4)

which is coincident with the definition of a two-dimensional vector derivative—based on the
notion of a perpendicular vector in two dimensions—given by McDonald [37]:

V, = (8/3y, —3/8x) . 4.5)

This is an operator with a clear geometric interpretation and a deep explanatory potential as
we will see later.
The electromagnetic magnitudes taking part at the field equation in this case are

J=Joyo +Jim + 272
F = Foivo1 + Fooyoo + Faiyar (4.6)
V = 0vvo + 1 + Oz
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Figure 11. 2-D space as explained in figure 3 showing the effect of the vector deriva-
tive in two spatial dimensions. A bivector field f is represented by arcs of circles with a
shape proportional to the value of f. The symbol i stands for the pseudoscalar o, and
the direction of the curved arrows shows the sign of f (positive for a counter-clockwise
direction, and negative when it is clockwise). Points with the same value for f are rep-
resented with dashed lines. The vector derivative v x f (also known as the curl of f) is
an arrow which is parallel to the dashed lines and points toward the direction given by
the combined effects of the bivectors on its both sides.

where
0o =0/0t, 01 =0/0x, 0O, =030/0y. 4.7

Figure 11 is a visualization of the vector derivative as defined for the two-dimensional space
(equation (4.4)).

The two-dimensional vector derivative of a bivector field f produces a vector which is tan-
gent to the lines of constant f and points towards the direction of the combined flux of (if) on
both sides of this same line. The general situation would present curved lines, but if we assume
differentiability it will be always possible to reach a scale where the curvature is negligible.

4.1. Space-time split in two dimensions

The two-dimensional space—time split yields the following correspondences (see appendix A.2
for more detailed calculations):

Jyvo = p+ (=) (4.8)
with

i=jxo1 + jy02 4.9)

F=E+iB (4.10)

where E = E 0 + E,05 and B is a scalar magnitude
WV =0/0t+V (4.11)

where V = 0,0/0x + 0,0/0y is the relative vector derivative in two dimensions.
Spacetime and relative vectorial components are thus related by

Foo=E,, Fpn=E, Fy=B8 (4.12)
Jo=p, Ji=—jo Jo=—] (4.13)
The field equation (equation (1.6)) in this two-dimensional world would be

VF =J=Joy +Ji71 + 272 (4.14)
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which can be separated in three multivector directions.
Timelike vectors:

(VF), = Joo. (4.15)
Spacelike vectors:

(VF), =Jiv1 + 272 (4.16)
Trivectors:

VAF = 0. (4.17)

4.2. Gauss’s law in two dimensions: field divergence

The timelike vector component (equation (4.15)) of the two-dimensional field equation,
(VF), = Joyo implies

01Fy + O Fp = Jy. (4.18)

Translating to spatial components: JE,/Ox + OE,/Jy = p or, equivalently (as relative vec-
tors):

V-E=div(E) = p (4.19)

which has the same form as the usual expression for Gauss’s law. The physical meaning of this
expression is, as we have seen previously for the one-dimensional case (section 3.1.1), that the
sources for the electric field are the electric charges. The two-dimensional approach allows us
to broaden the concept of divergence which we had already introduced in the one-dimensional
world.

4.2.1. Visualization of Gauss’s law in two dimensions. Figure 12 represents an escalation from
the (1, 1)-dimensional case represented in figure 6 to a (1, 2)-dimensional analogous situation.
In both cases, a set of positive charges at rest are represented as vertical lines pointing upwards
in spacetime. Applying Gauss’s law results in divergent bivectors on opposite sides of the
charges. On the upper side of the figure the space—time split is represented as a horizontal
plane with two spatial directions (o, 0,) and the divergence of the electric field E is clearly
evident as outwards-pointing vectors.

Taking in consideration the whole figure, it is possible to recognize that the positive charges
are the source of the electric field lines, while negative charges would be its sinks. A closed
line around the group of positive charges would be crossed outwards by a number of field lines
which is proportional to the net amount of positive charges in its interior.

4.3. Ampere’s law in two dimensions: magnetic field

The spacelike component (equation (4.16)) of the two-dimensional field equation corresponds
to the spacelike components (J/1, J;) of the current vector J: (V-F), = Jy; + J2772, implying

OoFo1 — hF2 = J,

(4.20)
OoFo2 + 01F2 = Jb.
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Figure 12. (1, 2) spacetime as explained in figure 4 showing the field created by a group
of charged particles at rest. The space directions 7 and 7, lie on the x and y axes respec-
tively, and the time direction ¢ points to increasing times. On the upper side can be
seen the corresponding 2-D space, generated by a space—time split. The correspondence
between the spacetime bivectors 7yo; and o, with the space relative vectors o and o,
is clearly visible. This figure could be generated putting figure 5 over figure 6 and then
rotating the ensemble around the time axis. The divergence of the field E gets here a
clearer understanding.

Translating to relative vectors and rearranging terms we get

OE, /ot + j, = OB/y

(4.21)
OE, /0t + j, = —0B/0x.
Recalling that B is a scalar magnitude, iB = Bo |
—V (iB) = —0B/0x0, + 0B/0yo; (4.22)
we can write
V xB=-V(iB)=0E/0t+j (4.23)
which can be interpreted as Ampere’s equation for a two-dimensional world.
Introducing again the displacement current jp = OE/0t.
Ampere’s equation can be written as
Jb+i=-V(B). (4.24)

The displacement current jp appeared in the one-dimensional world (where no equivalent to a
magnetic field does exist) as a compensating effect (produced by the rate of temporal change
in the electric field) for a charge current. In a two-dimensional world a new component of the
field (iB) must be taken into consideration. It is a pseudoscalar, and this means that we can now
interpret the magnetic field as the pseudoscalar magnitude resulting from the combined effects
of both currents jp and j.
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Figure 13. 2-D space as explained in figures 3 and 11, displaying a current j and the mag-
netic field B it gives rise to. The current can be recognized as the source for a magnetic
field which rotates on both sides of the current as if they had gears in between.

This leads to an understanding of the electric field E as the timelike component of the
electromagnetic field bivector F, whilst the magnetic field iB corresponds to its spacelike
component.

4.3.1. Visualization of Ampere’s law in two dimensions. Ampere’s equation for a two-
dimensional (equation (4.20)) world 0,F>; = JoFo, — Ja (@ = 1, 2) is also (equation (4.23))

V x B = OE/0t +j. (4.25)

Introducing the displacement current j, = OE/0t
—V (iB) =jp +]j. (4.26)

E is the timelike component of the electromagnetic field bivector F, and we can interpret the
magnetic field iB as the pseudoscalar magnitude resulting from the combined effects of both
currents jp and j (see equation (4.24)).

We will consider first a special electrostatic situation where the electric field does not change
in time: OE/Ot = 0, and Ampere’s law can be written simply as V x B = j.

In this case, the current relative vector j can be regarded as the source for the magnetic
field. Figure 13 shows an example of the magnetic field generated by a linear current in a two-
dimensional space, where we can see that the bivector field iB has opposite curling directions
on both sides of the current.

Figure 14 shows a circular wire stretched by the passage of time as a cylinder in (1, 2)
spacetime with a steady current flowing through it—shown by several inclined particle world-
liness—and producing a uniform field B in its interior. A corresponding two-dimensional
space—time split is shown at the right. The same figure could be obtained by cutting a horizontal
section through an indefinite vertical solenoid, which is an arrangement with the needed sym-
metry to be represented by a two-dimensional section showing a circular wire with a uniform
current.

The curling direction of the field iB follows the direction of the circular current j.

It is possible to go a step further ahead in order to present the concept of an electric circuit
in an alternative way, as shown in figure 15, where a battery to the left and a resistance to the
right are joined by a conducting wire.

We have now an additional electric field E. We represent with the letter S the energy flow
from the battery to the resistance. It is the Poynting vector.
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Figure 14. (1, 2) spacetime as explained in figure 4, showing a two-dimensional model
of a solenoid on the left side and a purely spatial section on the right side, which should
be compared with figure 13 to recognize how the field B derives from the circular current
J- The spacetime diagram at the left side offers a visualization of the current as a set of
inclined parallel lines, much as in figure 8.

Figure 15. 2-D space as in figures 11, 13 and 14 (right side), with a model of a simple
electric circuit with a battery to the left and a resistance to the right, joined by two con-
ducting lines carrying a current with density j. The upper side has a positive potential
and the lower side a negative one, producing an electric field E pointing downwards. A
clockwise magnetic field B is generated as in figure 14. The product of E and B produces
a vector S pointing to the right, which can be understood geometrically as the effect of B
forcing the tip of E’s arrow to rotate clockwise. The vector S is known as the Poynting
vector, and its physical meaning is to show the direction of the flow of energy. In this
case, it is clear that the energy flows from the battery to the resistance.

If the electric field is not constant, the displacement current has to be considered also as a
source for the magnetic field.

This is evident in the model of a charging capacitor, as presented in figure 16.

Two parallel conducting plates (placed vertically in the figure) receive a current j, whose
effect is to increase the charge density in the left plate and to decrease it (or to increase the
negative charge density, which is equivalent) on the right plate. This produces a time-increasing
electric field whose partial time derivative JE/Ot points to the same direction as the current j.
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Figure 16. 2-D space as in figures 11 and 13, with a two-dimensional model of a charg-
ing capacitor. It is composed of two parallel conductors, represented by the vertical
parallel lines at the centre of the figure. It can be understood as a projection of the right
side of figure 7 when viewed from the z-axis. A current j flowing to the right is inter-
rupted by the vacuum between both capacitors, which get increasing opposite charges
as a result. The figure shows how the increasing electric field between the conductors
produces a displacement current which cancels the interruption in the current j, and the
same happens with the magnetic field B it generates in the interior of the capacitor.

The resulting displacement current jp = JE/Of, which appeared already in section 3.2
(figure 8) as a chargeless current with a compensating effect, acts therefore again as a charge-
less magnitude compensating for the absence of a material charge current in the interior of the
capacitor.

If the spatial change of the electric field happens in vacuum, it generates again a pure spa-
tial chargeless displacement current. This adds an interesting feature to the understanding of
electromagnetic waves, as we will see at the end of section 4.5.1.

4.4. Faraday’s law in two dimensions: electromagnetic induction

The charge-current J is by definition a vector quantity, and this implies that any trivector part
of the field equation must vanish identically (equation (4.15)).
In other words,

VAF =0 (4.27)
or, equivalently,

OoF21 = —01Fo2 + 0o Fo1 (4.28)
Translated to the corresponding relative vector magnitudes:

OB = —0E,/0x + OE,/Oy. (4.29)

This equation can be further modified taking into account that

iB=Bo; (430)
V:GIB/8x+028/8y 4.31)
E = E.0, + E,0,. (4.32)
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Figure 17. (1, 2) spacetime as in figure 14 showing a circular current rotating clockwise
which suddenly changes to a counter-clockwise rotation. The induced field E generates
an electromotive force which produces a clockwise current j. The magnetic field due to
this induced current, in accordance with Lenz’s law, tries to compensate the change in
the magnetic field B due to the changing current.

Using again the two-dimensional vector derivative (equation (4.4)):

V x E= -V (E)= 0,0E/0y — 0,0E/0x (4.33)
we get

OB = —0E,/0x + 0E,/0y = =V x E (4.34)
which is formally equivalent to Faraday’s law of induction.

4.4.1. Visualization of Faraday’s law in two dimensions. Figure 17 shows a spacetime diagram
for a set of two circular wires, the exterior one having initially a clockwise current (j before)
producing a negative field (B—). The current changes then to a counter-clockwise direction (j
after) which produces a positive field (B+).

The time derivative of B (passing from B— to B+)4 will be thus positive.

Faraday’s equation (equation (4.34))

OB = —0E,/0x + OE,/dy = -V x E (4.35)

tells us that the interior circular wire (shown in grey) will receive an induced electromotive
force which produces a clockwise current on it.

This is in accordance with Lenz’s law which states that the induced current tries to
compensate the cause of the induction (in this case, producing a clockwise current).

4.5. Vector potentials in two dimensions: electromagnetic waves

The potential vector function in a two-dimensional world has the form

A = Aoy + Ay + Ay (4.36)
The corresponding field equation (equation (1.5)), VA = J is

(0% — 97 — 93) (Aovo + A +Ary2) = Jovo + i1 + o (4.37)
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Separating the different components we get three similar Poisson’s differential equations:
(0> — 1> — DDAy = Jr, with k having values (0, 1,2).

We consider again first a chargeless space (vacuum): J = 0.
In this case, all three differential equations reduce to the same form: (9y> — 9,2 — 9,?)
A = 0 or, equivalently,

D*A)0F = O°A/Ox* + A/ Dy*. (4.38)

These are two-dimensional Laplace’s equations, known also as wave equations, whose solu-
tions can be expressed as linear combinations of plane waves travelling at the speed of
light.

Let us take one of these solutions (a general plane wave travelling to the right on the x-axis)
to explore its physical meaning:

A = Ao’}/o —|—A1’}/1 +A2’}/2 (439)

A=ay(x—0yvw+a(x—0v +a(x—1)7. (4.40)

Applying the Lorenz gauge condition (equation (1.4)): V-A = 0.
We get

—dy—d,—0=0, sothatd,=—d, (4.41)
and, except for a constant factor, we can write the wave potential as
A=a(x =00 —1)+a&x—-—n7n (4.42)
and the corresponding electromagnetic field will be
F=VANA= (8()’}/0 + 81’}/1 + 82’}/2) A
= (000 + O1y1) lao (x — ) (o — 1) + +az (x — 1) 2] (4.43)
= —d'oy01 — d'ovo1 — d'2702 + d'2702 = a2 (02 + 112) -

This expression can be written in the multivector spacetime flavour as the product of a null
direction (—7o + ;) with a vector direction ~y;:

F=d, (= +7)%- (4.44)

Alternatively, in the relative vector formulation we can express F as the sum of an electric field
with a direction (—v¢, = 0,) and a magnetic field with a direction (v, = 07)), both having
the same numerical value @', (in natural units).

We can consider a pure plane wave solution as an approximation which is valid when we
are very far away from the localized source charge-current J. When this approximation is not
valid, the general solution will be a superposition or linear combination of such plane waves.

A general approach to radiation should begin with the Poisson’s equations which we have
already seen having the form of equation (4.37):

(0% — 0% — 0%) Ay = I (4.45)
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Figure 18. (1, 2) spacetime as explained in figure 4 showing the potential created by a
point charge P moving to the right from P, to P,. Two light cones start at these points
the same as in figure 4. Recall from figures 9 and 10 all the relevant information about
retarded time and the Doppler effect.

McDonald [37], citing Hadamard [38, 39] and Ehrenfest [40, 41], stated that in this two-
dimensional case the general solution has contributions from times earlier than the purely
retarded time. This behaviour is clearly different from that of the radiation in 3 spatial dimen-
sions, where only retarded times contribute to the radiation in potentials. This difference,
nevertheless, vanishes when the distance from the source gets high enough, as we have seen.

The same effect applies to the case of a vanishing loop current, which in the 3D case
produces a vanishing magnetic field, but in the 2D situation the magnetic field has always
a non-vanishing value.

4.5.1. Visualization of vector potentials in two dimensions. After presenting the concept of
retarded time in the one-dimensional world, where it was useful to explain the concept of red-
shift, it can be used in the two-dimensional case to explain further concepts like the production
and characteristics of plane electromagnetic waves.

Figure 18 is the equivalent of figure 10 for the two-dimensional spacetime. We can see the
light cones produced by a uniformly moving charge in two instants P; and P, and how they
are perceived by two observers A and B.

Figure 19 tries to present this same situation in the two-dimensional space, where the light
cones are drawn as circles and the radial lines correspond to the electric field of the charged
particle. We can appreciate that the distortion of the field lines is due to the displacement of
the circles, which is a consequence of the movement of the source.

Electromagnetic waves are produced when the source undergoes any change from the
uniform movement.

These Liénard—Wiechert potentials and fields are described for the two-dimensional case
by McDonald [37]. For the three-dimensional space, they were derived via Lorentz trans-
formations [42] and discussed thoroughly in [43]. Figure 20 depicts one of the simplest
changes, consisting in a brief displacement into a space direction and an equally brief returning
displacement. This is called a burst.

The displacement of the light cones following this burst produces a displacement of the field
lines which is maximal in the transversal direction and diminishes in intensity until it apparently
disappears in the direction of the burst. This explains the absence of electromagnetic waves in
the one-dimensional case.
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Figure 19. (2-D) space as in figure 12 (upper horizontal plane). This figure is a spatial
projection of figure 18. The diminishing circles represent sections of successive light
cones centred on P’s position at the moment each cone was originated. As a result, they
are increasingly displaced to the right. The Doppler effect can be seen here as a change
in the wavelength (increasing backwards and decreasing to the front side of the wave).
The electric field lines tend to concentrate on a direction which is perpendicular to the
movement of the source, increasing the strength of E.

Figure 20. (1, 2) spacetime as explained in figures 4 and 18. A burst is shown as a
lateral displacement in the x-direction on an otherwise stationary source, beginning in Py,
having its maximum extension at P, and returning to the initial position at P,. Stretching
the corresponding light cones vertically through the time axis delivers a spatial figure
(upper horizontal plane, displayed in figure 21) where the burst is seen propagating at
the speed of light in both directions of the y-axis.

The same situation is presented in the two-dimensional space in figure 21, where we can see
the displacement of the light cones (represented by circles, as in figure 19), and the distortions
in the field lines caused by the burst.

In this figure, the burst happens in the horizontal (x) direction, while the distortion is greater
in the vertical direction (y) transversal to the burst, decreasing as we shift the direction to the
horizontal axis, where there is no distortion at all.
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Figure 21. (2-D) space as in figure 19, showing the spatial propagation of the burst
represented in spacetime on figure 20. The burst took place in the x-direction, but it
does not propagate in this direction (confirming our previous one-dimensional results of
section 3.3, equation (3.32)). The burst propagates radially from the stationary source,
with a maximum intensity in the transversal direction y.

Figure 22. (1,2) spacetime as explained in figures 4, 18 and 20, representing a stationary
source undergoing an oscillatory movement as a series of consecutive bursts happening,
in this case, on the y-axis. Physically this corresponds to an oscillating dipole, which pro-
duces a transversal wave propagating in the x-direction, as shown in the upper horizontal
space section.

Figure 22 depicts the result of an oscillating charged particle, which can be seen as a series
of consecutive bursts. The light cones from different positions of the source, when seen in a
horizontal plane, produce an oscillating pattern.

When a charged particle is displaced by a forcing field, the position formerly occupied by
the particle remains with an opposite charge, like a small instantaneous dipole. This is the
reason for calling it a dipole oscillation.

Figure 23 shows this more clearly, where the displacement of the charge from the equi-
librium position produces a dipolar field E. The field points in the same direction as the
displacement because in this case we have chosen the oscillating particle, for convenience,
to have a negative charge.
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time

Figure 23. (1, 2) spacetime as explained in figure 4 showing the same situation as in
figure 22 with more detail. The lateral vertical section shows the oscillating charge as
a sinusoidal curve and the electric field E of the resulting dipole as arrows pointing
alternatively to the positive and negative directions of the y-axis. These effects propagate
at the speed of light as shown by the inclined sections of the displaced light cones. The
result can be seen at the upper horizontal section as an electric field oscillating in the
y-direction and propagating at the speed of light through the x-axis.

y .
| E iB S
L ; iita :

Figure 24. (2-D) space as in figure 21, showing the same situation as the one projected
on the upper spatial plane of figure 23. We can recognize an electric field E oscillating
in the y-direction and propagating at the speed of light in the positive direction of the
x-axis. The field E is accompanied by a magnetic field B of the same magnitude (in
natural units). Their directions are explained in the text. The result is an electromagnetic
plane wave. Comparison with figure 15 shows that this combination of the £ and B fields
results in a Poynting vector (S) signalling an energy flow in the positive x-direction. The
points where both field vanish are called nodes.

‘We have seen that in the relative vector formulation the wave field F is the sum of an electric
field E with a direction

—702 = 0, and a magnetic field iB with a direction i = o

both having the same numerical value a,’.

This is shown in figure 24, where a plane wave travelling in the x-axis presents a transversal
oscillating electric field (straight arrows) and a corresponding magnetic field (curved arrows).
The positive direction o, of the electric field is shown as a vertical arrow pointing upwards at
the left side, surrounded by a counter-clockwise circular arc representing the o, direction of
the magnetic field B. Both magnitudes have opposite directions at the right side of the figure.

Comparing with figure 15, it is possible to identify visually the propagating direction of the
wave with the direction of energy transfer in an electric circuit. This is shown in the figure by
the Poynting vector S.
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Figure 25. (2-D) space with the same situation of figure 24. The displacement current
created at the nodes due to the time variation of the electric field (compare with figure 16)
completes a dynamical representation of an EM plane wave, where the three magnitudes
E, B and Jp make alternative contributions to its existence and propagation.

A comparison of figures 23 and 24 with figure 16 shows that the electric field changes
with time as a wave passes through a fixed spatial point, creating a displacement current. This
leads us to understand that the points where electric and magnetic fields vanish (called nodes)
are occupied by a displacement current jp as shown in figure 25. The displacement current
Jo = OE/0Ot appeared already in the one-dimensional world (section 3.2, figure 8) as a charge-
less current with a compensating effect of a drift current, and again in the two-dimensional
world (section 4.3, figure 16) as a chargeless current which compensates the interruption of
the current in a charging capacitor. In this case there is no current to be compensated for, but
nevertheless the displacement current fills an apparent gap in the nodes of EM waves (where
both field magnitudes E and B vanish), helping us to understand the behaviour and propagation
of the EM waves in vacuum.

5. Three-dimensional electromagnetism

We will use throughout this section the symbol i for the pseudoscalar

i =i3 = 0q23. (5.1)
Using equation (2.14),

i=i3. (5.2)

In a three-dimensional world the same symbol i represents thus both pseudoscalars. As we
have previously seen (equations (2.5), (2.12)), this is not the case for other dimensions.

For the sake of simplicity, we introduce in the three-dimensional case the convention of
representing the spatial indexes (1, 2, 3) of the vectorial components by the letter k, and the
components of a given multivector direction by the ordered letters (a, b, ¢), grouping the various
directions in a common symbol, as in

VaVb = Yab (53)
YaVbYe = Vabe- (5.4)

Appendix B shows a more detailed calculation using these notations; we have there also
completely separated the indexes in order to check easily the resulting expressions.

The electromagnetic magnitudes that take part of the field equation in the general three-
dimensional case are
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V = oo + Ok

F = Foyok + FraVba

J = Jovo + Tk
where

0o = 0/0t, 0 = 0/ 0X;.
The space—time split gives the following correspondences:

v = Joyo +Jkv) Y0 = p+ (=)
where j = j,o (equation (1.2)):

F = Foor + Fpeoup = E + iB
where E = E; 0, and B = B, 0},

wV =090/0t+ V.
Spacetime and spatial components are related by

For = Ei, Fpa = Be, Jo = p, ik = — ji-

The field equation (equation (1.6)) in this three-dimensional world would be

VF =J = Joyo + Tk
which can be separated in four multivector directions
Timelike vectors: (V - F), = JoYo
Spacelike vectors: (V - F), = Ji v
Timelike trivectors: (V A F), = 0
Spacelike trivectors: (V A F), = 0.

5.1. Timelike vectors: Gauss’s law

(5.5)

(5.6)

(5.7)

(5.8)

5.9

(5.10)

(5.11)

(5.12)

The timelike vector component of the three-dimensional field equation can be written as

(V- F), = 0Foyo = Jovo
implying
OFox = Jo.
Translating to spatial components:
OEy/0Xy = p
or, equivalently:
V- -E=div(E)=p
which is Gauss’s law.
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The physical meaning of this expression is the same as in the two-dimensional case, with
the difference that the divergence operator extends now to the whole space instead of a single
plane.

5.2. Spacelike vectors: Ampére’s law

The spacelike component of the three-dimensional field equation (equation (5.12)) corresponds
to the spacelike components J; of the current vector J:

(V- F)y = Jnm (5.17)
implying

O0oFoa — OpFpq + OcFoe = Jg (5.18)
Translating to spatial components

OE,/0t — OB,/ 0Xp + OBy /0X. = — j,. (5.19)

Rearranging terms and recalling that

V =0:d/0X; and B = Bioy (5.20)
V AB = (—0By,/0X, + |0B,0X}) 0pa (5.21)
—i(V AB) = (0By/0X, — 0B.0X,) 0. (5.22)
OE/0t = 0OE; /Ot (5.23)
J = Jkok (5.24)

we can rewrite the spatial vector term of the field equation as
—i(VAB)=0E/0t+ j (5.25)

The definition of the cross product as shown in appendix A, (equation (A2.19)):
v X w= —i(v A w) allows us to write

V xB=—-i(VAB) (5.26)
and get
V xB=0E/0t+ j (5.27)
which is Ampere’s equation.
We introduced an alternative definition for the cross-product (to allow a smooth transition
between three and two dimensions) which allowed us to write
VxB=—-i(VAB)=—-V-(B). (5.28)
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It is interesting to compare both definitions at the same example we have already seen:

-V (lB) =-V- (Uach) =-V- (aathkUk)

(5.29)
= — (O'ka/an) . (Baabc) == (8Bb8Xa - 8Ba(9Xb) O¢
which coincides with —i(V A B).

5.3. Timelike trivectors: Faraday’s law
Any trivector part of the field equation must vanish identically, and this is true both for the
timelike and the pure spatial trivectors.
The timelike trivector expression at the three-dimensional field equation (equation (5.12))

is: (V A F), = 0 or, equivalently,

O0oFpa = —0aFop + OpFoq. (5.30)
Translated to the corresponding vector magnitudes:

3BL/81‘: —6E,,/8Xa+3Ea/8Xb (5.31)
The right sides are the components of the cross-product with the vector derivative

VXE=—-i(VAE)= (8Eb/8Xa — BEa/aXb) o, (5.32)
we can thus write

OB =-VXxE (5.33)

which is Faraday’s law of induction.

5.4. Spacelike trivectors: Gauss’s law for the magnetic field

The spacelike trivector expression at the three-dimensional field equation (equation (5.12))
must also be equally null, so

(VAF)=0 (5.34)
or, equivalently,

OuFep = 0. (5.35)
Translated to the corresponding vector magnitudes:

OBy /90X, =0 (5.36)
which can be expressed also as

V-B=0 (5.37)

which is the Gauss law for the magnetic field (implying the non-existence of magnetic sources
like magnetic monopoles).
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5.5. Vector potentials and electromagnetic waves

The potential vector function in a three-dimensional world has the form
A = Apy + A (5.38)
The field equation (equation (1.5)) using this potential becomes

V2A = . (5.39)

(8" — 9%) (Ao + Arve) = Jovo + T (5.40)
Separating the different components we get four Poisson’s differential equations:

(8y> — 9%) Ao = Jo (5.41)

(00> — 0°) A = Ji. (5.42)

The most interesting case appears again when we consider a chargeless space (vacuum):
J=0.
In this case, all four differential equations reduce to the same form:

(00> — A =0 or, equivalently, 0°A / Oxo> — 9’A / =0

D*A)OF = O’AJOX* + O*A/Oy* + 0% 07> (5.43)

This is the three-dimensional Laplace’s equation, whose solutions can be expressed as linear
combinations of plane waves travelling at the speed of light.

The form of any of those plane waves is similar to the one we have already seen for the
two-dimensional case.

6. Conclusions

We have tried to show how geometric algebra and geometric calculus can be used to present
a smooth sequence for the understanding of the basic concepts of electromagnetism, by doing
what we call a dimensional scaffolding through increasing dimensions. This was possible with
the application of the synthetic formulation for the electromagnetic field equation provided by
geometric algebra and geometric calculus in different dimensions.

In any dimension, we begin with the spacetime multivector formulation of the field equation,
separating it into homogeneous parts and translating the results to the usual language of vector
calculus.

In this process, the fundamental electromagnetic magnitudes and concepts have been
appearing gradually, showing their main characteristics and allowing for their visualization.

The two-dimensional vector derivative as presented by McDonald [37] has been deduced
using geometric algebra and it has proven to have deep explanatory and visual capabilities
throughout the corresponding two-dimensional toy Universe.
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6.1. Gauss’s law: charge, electric field and divergence

In one dimension, the electric field appears as a temporal bivector in spacetime with a boost-
like effect, together with the concepts of spatial derivative and charge density in figure 6, where
it is also possible to visualize the concept of divergence. Charges are clearly seen as sources
for the electric field, and a toy model for a capacitor has been also presented in figure 7.

In two dimensions, the concept of divergence gets a clearer visualization by comparison
between the spacetime diagram and its planar space—time split (figure 12).

6.2. Ampere’s law: magnetic field, displacement current

The concepts of temporal derivative and current density appear already in one dimension and
could be explained in figure 8 as the application of a simple boost to the diagram for Gauss’s
law. The same figure allows us to visualize a particular and intriguing feature of the charge-
current vector in spacetime, which is reflected with respect to the worldliness of the charged
particles. This is an unavoidable characteristic of spacetime, as we show in appendices A and
B, but it has no counterpart in the physical description of electromagnetism. Although in one
dimension there is no equivalent to a magnetic field, the elusive concept of a chargeless dis-
placement current could be introduced, showing a characteristic compensating attitude and
taking part in different phenomena like drift currents (figure 8), charging capacitors (figure 16)
and EM waves (figure 25).

In two dimensions, the magnetic field makes its appearance as a purely spatial bivector with
a rotating attitude in figures 13 and 14, allowing for the introduction and basic understanding
of new concepts like solenoids, capacitors and electric circuits (figures 14—16). The flow of
energy represented by the Poynting vector, as well as the displacement current in a charging
capacitor could even be addressed at this early level, showing how the magnetic field results
from the combined effect of both charge and displacement currents.

6.3. Faraday’s law: electromotive force, induction

The magnetic field is absent in one dimension, and so does Faraday’s law, but in two dimen-
sions it has been possible to explain—with help of a spacetime diagram as in figure 14—the
induction of an electromotive force as a consequence of a time-varying magnetic field. The
resulting induced current stands against the change that produces it, and this is in accordance
with Lenz’s law too.

6.4. Poisson’s equation: potentials, waves, retarded time, Doppler effect

The potential formulation for the field equation in one dimension allowed us to arrive in
this extremely simple situation to the concept of wave equation, whose solutions are plane
waves with the speed of light as shown in figure 9. Retarded time could also be presented
and visualized in figure 10, allowing for the understanding of the redshift and retarded poten-
tials. No physical meaning, nevertheless, could be assigned to those potential waves in a
one-dimensional world because they render identically null electric fields.

In two dimensions, the potentials for moving charges could be visualized as effects propa-
gating with the speed of light in figures 18—22. The analysis of a plane wave solution together
with its physical meaning as a combination of equal-valued electric and magnetic fields normal
to the propagating direction were shown in figures 23-25.
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Figure 26. Visual representation of the dimensional scaffolding process in a purely
illustrative diagram without physical or geometric meaning. The squares with an F fol-
lowed by a number represent the figures as numbered throughout the paper. They are
arranged horizontally according to their space/time dimensionality (labelled in circles
at the bottom plane), and vertically according to their physical content (concepts, laws,
magnitudes). The bottom plane is divided by dashed lines into four sections: two (lines
and planes) for the figures that don’t need any special strategy to be understood, another
one for the three-dimensional figures, which need the convention of perspective to be
created and understood, and the last one for the four-dimensional (1, 3) diagrams cor-
responding to the physical world as explained by Minkowski. They are absent in this

paper because our mind is not prepared to manage four dimensions.
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6.5. Dimensional scaffolding sequence

In order to visualize the general idea that has guided this work, figure 26 represents the scaffold
that we have built along the precedent lines. The whole sequence that has been followed is
drawn as a three-dimensional diagram whose meaning is explained in the caption.

6.6. Final remarks

We have shown how the gradual presentation of the fundamental electromagnetic concepts by
a scaffolding process over increasing dimensions has been possible in a unified way using the
extremely simplicity of the geometric algebra formulations for the field and potential equations.
Nevertheless, the whole algebraic three-dimensional structure should be needed to introduce
and explain some remaining concepts like the complementarity between electric and magnetic
fields—as well as the absence of magnetic monopoles, electromagnets and electric motors,
rotating wires and generators, and wave polarization, for example.
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Appendix A. Main features of geometric algebra and notations used in this
work

Geometric algebra is based mainly on the concept of multivector as well as the existence of
the geometric product and its strong property of being associative.
The geometric product of two vectors can be decomposed as

ab=a-b+aNnb (A.1)

where a A b = b A a is the inner product, whose result is a scalar and a A b = —b A a is the
outer product, whose result, as we will see, is called a bivector.

The elements of an n-dimensional geometric algebra are called multivectors, and they can
be expressed in a basis of 2" elements, which can be arranged in blades of the same dimension
such as scalars (dim = 0), vectors (dim = 1), bivectors (dim = 2), trivectors (dim = 3) or,
alternatively, by decreasing dimensionalities such as pseudoscalars (dim = n), pseudovectors
(dim =n — 1), and so on.

This is because the dimension of every blade is the number of vector directions that must
be combined by the geometric product to produce the respective directions.

For example, if the space has dimension N = 3, the possible blades are scalars (dim = 0),
vectors (dim = 1), bivectors. (dim = 2) and trivectors (dim = 3).

The respective combinations of indexes are: none for the unique scalar direction, (1, 2, 3) for
the three possible vector directions, (12, 23, 31) for the three bivector directions, and (123) for
the unique trivector direction (which is also a pseudoscalar in this three-dimensional space).

The sum of all these numbers of multivector directions gives 1 +3 +3 + 1 = 8§ =23,

The number of directions of a D-dimensional blade D in a space of dimension N is the num-
ber of possible combinations of N elements taken in groups of D. The ordered arrangement
of these dimensions gives the Pascal’s triangle, where every horizontal line corresponds to a
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certain space dimension N, and the elements are its blades in increasing order of their
dimension D.

The sum of all the elements in a horizontal line gives the dimension of the multivector
algebra in the corresponding N-dimensional space:

20 21 22 23 24 etc.

1 4 6 4 1

Pascal's Triangle

The elements of any of these blades can be expressed in an orthonormal basis, beginning with
scalars (whose basis consists only of the number 1) and vectors (whose basis is a set of n
orthonormal vectors).

We followed throughout the text the convention of applying the symbol ~y for the spacetime
vector directions and the boldface symbol o for the relative vector directions of its associated
even subalgebra. Readers who are familiar with the geometric algebra of the Euclidean three-
dimensional space should be careful in order to avoid confusions.

In a space of n dimensions, the spacetime basis consists of (n + 1) elements {~vo, v1, V2,
...7x}). These basis elements or vector directions have the following properties:

Y- =0 (A.2)

Yivi =i i = £1. (A3)

(+1fori=0and —1 fori =1, 2, 3, ...). This fundamental distinction between a timelike
direction 7y and a spacelike direction «y; is a characteristic feature of spacetime. An important
consequence of it is the existence of null-directions like, for example, vo + v;:

(o+7)* =00+ 0 +7)=%%+%Nn+Nny+7m=1+0+0-1=0.
(A.4)

This is the reason to call them ‘null directions’, and they form the so-called ‘null-cone’ or ‘light
cone’.
Elements of higher dimensionality are consistently created by means of the outer product:

YVt = Ve AV = =1 Vke (A.5)

In this process, when two equal indexes are adjacent, they are removed and the direction is
multiplied by the sign of their product. Two different adjacent indexes can exchange positions,
changing the sign of the direction.

Bivectors have basis elements like

{Y1Y0: Y2Y0- Y3Y0: Y2 Y1 Y3Y2: Y1V3} -
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The inner product, in general, is the grade-lowering part of the geometric product, and the outer
product is its grade-rising part, as we have seen for vectors. This is even true for a vector (v)
and a bivector (W), whose geometric product can be decomposed as

vW=v-WH+vAW (A.6)
where v-W = —W-v is the inner product and v A W = W A v is the outer product.
The commutation properties, therefore, are not the same as in the case of vectors.

This is due to the properties of the direction products.
In the case of vectors,

YaYb = Yab = —Vba = —VbVa (A7)

for different indexes, while v,7v, = 7.7, for equal indexes is evident.
In the case of a vector with a bivector,

YaYbe = Yabe = Vbea = VbeYa for different indexes (A.8)
whilst

YaYab = Yaab = —Yaba = ~VabVa (A9)
and

YaYba = Yaba = —Vbaa = —VbaVa (A.10)

if one of the indexes is shared.

A.1. Geometric calculus

Geometric calculus is founded on the concept of a vector derivative V, which can be expressed
as

V=0+hn+dy... (A1.1)
where 0; means the partial derivative with respect to the coordinate x;
8,» = 8/8)@. (A12)

In the case of an orthonormal basis on a flat manifold, this is the ordinary gradient 0y, together
with the time derivative dyo.
The operator V can be treated as a vector:

V2 =V .-V= 802 - 812 - 802 - 832 = 82/3)602 - 32/81612 - az/aXZZ - 82/8X32 (A13)

where the signs arise from the products ~;7;.

The fundamental theorem of geometric calculus, which embodies in a common way all
sort of Stoke’s-type formulas in different dimensions and signatures, opens the possibility of
inverting the vectorial derivative. The resulting antiderivative depends mainly on the use of the
appropriate Green’s functions.
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A.2. Space-time split

In order to connect spacetime with the usual framework of an Euclidean space together with
a separate time coordinate, we will use the so-called space—time split. This begins with the
selection of a certain timelike direction in spacetime which we will call for convenience 7. It
can be identified with the observer’s reference system and it is sometimes called simply ‘the
observer’.

The split is made by the geometric product of the observer with the physical magnitudes in
spacetime. To see how this works we will present a pair of examples, the first for a spacetime
vector V and the second for a spacetime bivector F'.

The split of a vector V is produced by

Vo=V -7 +VAy=v + v (A2.1)

where vy is a scalar and vy is a vector in the Euclidean space. These vectors are written in
boldface type, and they are called ‘relative vectors’ to distinguish them from the previously seen
spacetime vectors. The reason is that they depend on the—relative—choice of the observer .

We introduce the notation i, to identify specifically the pseudoscalar in the n-dimensional
Euclidean space and i}, for the (1, n)-dimensional spacetime pseudoscalar, the former being
the even subalgebra of the latter.

If {vo0, 71, ..., 7n} form an orthonormal basis for the (1, n)-dimensional spacetime, then its
pseudoscalar will be given by the expression

I =YY =Y AN A Y (A2.2)

‘We can build a basis for the corresponding n-dimensional Euclidean space defining its elements
as

Ok = Y0 = MY = Y A Yo- (A2.3)

In the three-dimensional space [8], we write these relative vector directions as (0, 07, 03).
The orthogonality is assured because of

OF = 040k = WY = —WVe0Yo = 1 (A2.4)
(using vy = 1 and vy, = —1).

0r01 = Y0170 = — Yk Y17Y0Y0 = — VY1 = Vi1 (A2.5)

010k = YY1 = —%0%V17% = —Y17% = —0%07. (A2.6)
We can now define the pseudoscalar
[, =01.,—=01...0, =01 AN\ O, (A2.7)

Both types of pseudoscalar are related:

i1 =01 ="0=—Y1 = —i1] (A2.8)
Iy = 012 = Y1020 = —70012 = —Y0l12 (A2.9)
i3 = 0123 = 7102030 = i13- (A2.10)
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The Euclidean space is three-dimensional, therefore we can use i3 or i; 3 indistinctly and write
i—somehow abusing the notation for sake of simplicity—to represent both cases, but for lower
dimensionalities this is not the case, and we should specify which type of pseudoscalar (i, or
i1,) is being used.

Following Hestenes [13] (p 14), the space—time split of F is

F=E+iB (A2.11)

where E anticommutes with vy, and (iB) commutes with it:

E’YO = —’}/0E, lB’}/() = ’}/()lB (A212)
Y0Fv0 = 70 (E +iB)v = 70Ev + 7 (B) v = —Ey7 + (B) Y070 (A2.13)
’Y()F’YO = —E + lB .
This allows us to write
E=1/2(F —~vFy) and iB=1/2(F+v%F). (A2.14)
E = Eoy is a relative vector with direction oy = v = —7or Whereas iB = Bo,, is a relative
bivector with direction
Oub = Ya0b0 = —Vab00 = —Vab- (A2.15)

Multiplying /B by the pseudoscalar i = i, allows us to get the magnetic field component B,
which has a different nature in every dimensional scaffolding step:

e For the one-dimensional case, there is no possible spatial bivector 7, and thus no magnetic
field at all.

e For the two-dimensional case, iB = Bo |, and the pseudoscalar
i=i=o0p (7 =-1) (A2.16)

B =—i’B = —i(iB) = —012(Bo2) = —0,,’B = B, so that the magnetic field compo-
nent is the scalar magnitude B
e For the three-dimensional case, iB = Blo,3 + B203; + B30, and the pseudoscalar

i=iy=o0p(F =-1) (A2.17)

B = —i’B = —i(iB) = —0123(B1012 + B,031 + B3013) = Bi0y + B0, +B303 50
that the magnetic field component is a relative vector.

The space—time split of the vector derivative V yields:

VY =V - v+ V Ay = 0 + 0o

(A2.18)
=0/0t+ 0,0/0x + 0,0/0y+ 030/0z =0/t + V.
The cross-product of two relative vectors can be defined as
VXW=—I(VAW). (A2.19)
The following identity:
VAW =—(@v)- (iw) (A2.20)
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allows us to use an alternative but equivalent definition for the cross product:
VX W= —v-(iw). (A2.21)

This alternative definition will be useful for the building of an analogue to the cross-product
in the two-dimensional case.

A.3. Electromagnetism in geometric algebra

The set of Maxwell’s equations can be unified in the following expression:
VF =J.

This is the electromagnetic field equation in geometric algebra, and in this context we can call
it simply the field equation.

The symbol V stands for the spacetime vector derivative as presented into the framework
of geometric calculus.

F is a bivector field:

F = Foivox + FraVpa (A3.1)

which should be interpreted like a sum of terms where k can have the values (1, 2, 3) and we
define the pairs of subindexes ba as having the values (21, 32, 13).

With help of a space—time split, this formula can be translated to relative vectors, getting in
this way the four Maxwell equations in the usual vector formulation.

Natural units (like Heaviside—Lorentz) where

pwo=1 and gp=1

are being used consistently and, consequently, the speed of light ¢ = 1.
Applying a space-time split to the field bivector F (equation (A2.11)) yields

F=E+iB

where E is a relative vector (the electric field), corresponding to the temporal component of
the bivector F, and B is the magnetic field vector. The product /B corresponds to the purely
spatial part of the spacetime bivector F.

The symbol i corresponds to the Euclidean pseudoscalar (i, in our notation), in order to
keep the expression valid for dimensions other than 3.

F is thus splitted in two parts, the first part corresponding to the electric field E:

For = Ex (A3.2)
and the second part to the magnetic field B:

Fyo = B. or,equivalently,

(A3.3)
F>y=B3, Fx =B, Fi3=58:.
J is a vector field:
J = Jovo + Jivi (A3.4)
Jv=J %+ Ay =p+(—)) (A3.5)
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where the scalar part corresponds to the charge density (Jo = p), and the relative vector part to
the vector current density j:

Ji=—ji. (A3.6)
The negative sign appearing at this last identity is needed to assure a perfect correspondence
between the spacetime formulation and the usual relative vectorial set of Maxwell’s formulas.

The bivector F can be derived from a vector-valued potential function A by means of the
formula:

VA=F (A3.7)

together with a gauge to eliminate ambiguities.
We will follow the Lorenz gauge:

V-A=F. (A3.8)
The form of the field equation in GA using this vector potential is

VF =V (VA) =V?A=J. (A3.9)

A.4. Correspondence between spacetime and purely spatial magnitudes

After establishing the EM field equations in a n-dimensional world using its (1, n) dimensional
spacetime algebra, we restore its associated (n-dimensional) even subalgebra (by space—time
splitting) in order to present the results in the language of relative (Gibbs) vectors. In each step
we don’t change the dimensionality (n) of the real world being considered, but the dimension-
ality of the GA we use for it: (1, n) for spacetime algebra, (n) for Gibbs relative vector algebra
(even subalgebra).

We begin with the electromagnetic equations on both formulations:

VF=1J (A4.1)

where
V =000 + 011 + Oz + 0373 = Ooyo + Oy (k=1,2,3) (A4.2)

F = Fo1vor + Fooyoz + Fo3vos + Farva1 + Fayse + Fiaviz
= ForYor + FraVpa (k=1,2,3) and (ab = 21,32,13) (A4.3)

J=Jovo +Jivi + L2+ I3z =Jovo + ke (k=1,2,3) (Ad.4)

for the spacetime multivector formulation, and the set of four Maxwell’s laws for the relative
vector formulation:

Gauss: V-E=p (A4.5)
Faraday : V x E = —0B/0t (A4.6)
Ampere: V x B = j+ 0E/0t (A4.7)
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GaussforB: V-B=0 (A4.8)
where V = 010/0x + 0,0/0y + 030/0z = okOk is the relative vector derivative

E=F 0, + E;o, + E303 = E,0 (A4.9)

B =B,0, + B0, + B303 = B,oy (A4.10)

are the electric and magnetic fields, and X is the usual cross-product, which can be expressed
also as v X w = -iv A w, being i the pseudoscalar

i:(71(1'203. (A411)
Beginning with Gauss’s law for the electric field:
V-E:p:(rkﬁkEk(rk:BkEk:p (A412)

the corresponding term in spacetime is the timelike vector relation:

OviFokyok = Jovo (A4.13)

OForvkyok = —OhForvkko = OkForvo (A4.14)
and

OFor = Jo (A4.15)

identifying Jy with the charge density p, it follows that

For = E (A4.16)

(For=E1 Fp=E Fp=E3). (A4.17)

Faraday’s equation V x E = —9B/0t can be written as 0,F), — 0,E, = 0,B. where the indexes
(a, b, ¢) stand for (1, 2, 3), (2,3, 1) or (3, 1, 2) in order to write down three different terms.
In spacetime, the corresponding equation has to be obtained from the timelike trivector part:

O0FpaYova + OaFobYa0r + ObFoaYo0a = 0 (A4.18)

(because J is only a vector-valued function in spacetime, without trivector parts).
Rearranging terms to get the same direction:

0F ba¥ba0 + OaFovba0 — OpFoaYba0 = 0 (A4.19)
we get

O00Fpa + OuFop — OpFoa = 0 (A4.20)
where we can substitute F;, with £ to obtain

OoFpq + OuFp, — OpE, =0 (A4.21)
and

O.Ep — OpE; = —OyEpq. (A4.22)
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A direct comparison with the relative vectorial expression obtained earlier
9uEp — OpEq = O,B. (A4.23)

allows us to write

Fba - Bc
(A4.24)
(F21 = B3, F3» =B, Fi3=B58).
Recalling finally Ampere’s law
V xB=j+0E/Ot (A4.25)
which can be written as
OBy — OpB, = jo + OE. (A4.26)

using the same convention for the combinations of subindexes, we can compare it with the
purely spatial vector expression in spacetime

aOFOc’Y()O{.' + 8l;Fc‘IfYI?cI? + aaFac’Yaac - (aOFOc + ahF{.'b - aaFac) Ye = JeVe

(A4.27)
OoFoc + OpFep — OuFye = J; (A4.28)
OaFgc — OpFep = —Jc + OoFoc (A4.29)

we can substitute again the spacetime components with their space equivalents as obtained
previously to get

OuBy — OpBy = —J. + OE. (A4.30)

and, recalling our previous expression d,B, — OB, = j, + O/E..
We arrive to the equivalence

Jo=—J. (A4.31)

i =-Ji, Jo=—], J3=-J3). (A4.32)

We have already introduced this minus sign in section 3, where we explained that it does not
imply any change in the physical magnitude j. Its meaning can be interpreted as the space-
time vector J being spatially reflected with respect to the current vector, and this is a striking
geometric feature with no physical counterpart.

Appendix B. Detailed calculations using components

B.1. Ordering the spacetime geometric algebra directions

As we have seen, geometric algebra offers the possibility of expressing the formulas of electro-
magnetism (EM) in very synthetic coordinate-free expressions which hold formally for several
dimensions.
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Table 1. Geometric product of vector and bivector directions.

Yo1 Yo2 Yo3 V23 V31 Y12
Yo Yoot Yoo2 Yoo3 Yo23 Yo31 Yo12
71 Y101 Y102 Y103 Y123 Y131 Y112
Y2 Y201 Y202 Y203 Y223 Y231 Y212
73 Y301 Y302 Y303 V323 V331 V312

Nevertheless, more detailed calculations using coordinates are also possible, and we include
here some calculations of the results we have seen previously as an exercise for readers who
are not yet familiar with the subtleties of geometric algebra and want to check where they arise
from and how they function.

The following tables may be helpful to understand in a straightforward way how the direc-
tions combine in geometric algebra, applied to the field equation in the four-dimensional
spacetime and its corresponding three-dimensional space.

The field equation VF = J bears a geometric product between the vector derivative V

V= 30’}/0 + 8171 + 32’72 + 33’}/3
and the field bivector F
F = Fo1vor + Fooyoz + Fo3vos + Fasves + Fa1yz1r + Fiay.

The result of a geometric product between a vector and a bivector consists, in general, in the
sum of a vector v and a trivector 7"

VF=v+T

wherev=V-F, T=V AF.

In the special case of the electromagnetic field equation, the vector part is the charge-current
vector J, and the trivector part is equally null: VF = V-F = J.

A series of tables will show us how the four vector directions (g, 1, 72, ¥3) combine with
the six bivector directions

{Ym,Voz,Vo3,Y23,Y31,V12} .

The first step consists in creating all the possible ordered arrays of the indexes, as shown in
table 1:
We apply now the rules for the combination and exchange of indexes in order to write them

in a coherent way in table 2:

Yo=1, y=-1 (for k=1,273),

Vs = =5 (for r#s).

We can simplify this into table 3 by taking into account the properties of the pseudoscalar
=13 =113 = 70123

V0 = 701230 = —V123, Y1 = V01231 = Y023,

72 = 01232 = =031, 173 = 01233 = —012-
We can recognize in table 3 the following groups of directions:
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Table 2. Combination and reordering of indexes.

Yo1 Yo2 Yo3 V23 V31 Y12
Yo Y1 72 73 Y023 Yo31 Yo12
71 Yo —Yo12 Y031 Y123 V3 —72
V2 Yo12 Yo —Y023 -3 Y123 71
V3 —7031 Yo23 Yo Y2 —N Y123
Table 3. Introducing the pseudoscalar i.

Yo1 Yo2 Yo3 Y23 V31 Y12
Yo T 72 73 i ol 73
71 Yo —73 2 —o 73 -2
V2 i3 Yo —iv —73 —iv M
73 —iv i Y0 72 =i —i%
Table 4. Partial derivatives of the field bivector F.

Fo Foo Fos Fo3 F3 Fia

0o OFo1  OFop OoFoz 0OoF23 OoF31  OoF12
01 OFy O01Fp O0iF3 01Fxn 01Fy  01Fn
0 OhFy  OhFp  OhFo3  0hF23  OhF3  OhF)
03  O3Fy  OsFy  OsFp3  O3F23  O3F3  O3F)

Timelike vectors (V-F): direction .

Spacelike vectors (V-F)q: directions (71, 72, ¥3)-

Spacelike trivectors (V A F): direction iy = —7123.
Mixed trivectors (V A F),: directions (i7y1, 72, 7Y3).
Now we write the partial derivatives of the bivector components in table 4 following the

same order.

B.2. Comparison of spacetime and spatial expressions

The final expressions will be obtained by the combination of the terms in table 4 that share the
same group of indexes in table 3.
The resulting vector / = VF has two parts:

e A timelike component (VF), with direction 7y, (01 Fo1 + 0»F02 + 93F03) Yo = Joyo which
can be written as

e A spacelike component (VF); whose direction is a combination of (v, v5, V3)

akF()k = Jo.

(OoFo1 + OoF 12 — O3F31)v1 = Jimi

(OoF02 + O3F23 — 01F12) v2 = Joys

(OoF o3 + 01F31 — OhF3) 73 = J3y3
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which can be written as
00F0a + OpFap — OcFea = Jy (F2)

where the indexes (a, b, ¢) can have the following values: (1, 2, 3), (2,3, 1) or (3, 1, 2).
The directions showing the pseudoscalar i correspond to the components of the trivector
parts, whose combinations are identically null for the electromagnetic field equation.
The corresponding equation V A F = 0 can be separated also in two parts:
e A purely spacelike component (V A F)g with direction

Vo = —7123
(O1F23 + OhF31 + O3F12) i3 = 0
which can be written as
04Fa, = 0. (F3)
e A partially timelike component (V A F), whose direction is a combination of
(71, 72, 93)

(OoF23 + 03F 0 — 0aF03) i1 = 0
(OoF31 + O1Fo3 — O3F01) iy = 0
(OoF12 + OaF01 — O1F) i3 = 0
which can be written as
OoFpe + OcFop — OpFoc = 0. (F4)
The resulting set of field equations (F):
(F1) : OkFor = Jo
(F2): OoFoa + OpFup — OcFea = Ja
(F3): 0,Fs =0
(F4): OoFpe + OcFop — OpFo. = 0
can be compared with the corresponding Maxwell’s equations (M):

—Gauss:V-E=p

M1
or, equivalently, 0,.E, = p
— Ampere : VXB = 0E/0t + j
(M2)
implying 0,B. — 0.By, = OE, /0t + J,
—GaussforB:V-B=0o0r9,B, =0 (M3)
— Faraday : VXE = —0B/0¢
(M4)

OyE. — O.E, = OB, /0t
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We can now make a stepwise comparison between the expressions resulting from the field
equation (F) and those obtained from Maxwell’s laws (M) in order to establish direct coherent
correspondences between the spacetime magnitudes and their related spatial equivalents.

Beginning with (F1) and (M1) (Gauss):

OFox = jo, OkEx = p.

It is evident that the natural choice of Jj as equivalent to the charge density (j, = p) leads
to the identification between the temporal components of the field bivector and those of the
electric field (For = Ey).

‘We can now resort to (F4)

OoFpe + 0:Fop — OpFoc = 0,
rewrite it as
00Fpe + O.Ep — ObEc =0
or
OpE. — O.E, = OpFpc
and make a comparison with (M4) (Faraday).
OWE. — 0.E, = — OB,/ 01.

The partial spacetime derivative 0y is equivalent to the time derivative 9/0t, and as a result
the components of the magnetic field are related to the purely spatial components of the field
bivector by the expression

F,. = —B, which embodies three identities:

Fy=—By, F31=-By Fip=-B;.
Finally,

F2: 00Foq + OpFup — OcF ey = J,
rewritten as

OE, — OpB. + 0.Bp, = J,
or

OpB: — 0:By = WE, — J,
can be compared with (M2) (Ampere)

OpB. — O.By, = OE, /Ot + j,

arriving finally to the expression J, = — j,.
A final remark: we could have arrived to a different set of equivalences changing the signs
in all of them, beginning with Jo = —p which applying Gauss’s law would lead to

Fox = —Ek.
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Table 5. Partial derivatives of the electric and magnetic field and Maxwell’s equations.

E, E> E3 B, B> B3
o, 2 2 2 4 4 4
01 1 4 —4 3 -2 2
0> —4 1 4 2 3 -2
03 4 —4 1 -2 2 3
Faraday’s law would require in this case that F;,, = —B,.

And finally applying Ampere’s law we would arrive to
Jo = Ja

Although this can seem more natural, changing the sign in Jy makes that the current vector J
points backwards in time, without erasing the reflection of the vector J with respect to the cur-
rent lines in spacetime as shown in figure 8. This geometric feature does not depend therefore
on the choice of signs.

B.3. Comparing (E, B) tables in different dimensions

Maxwell’s equations (M) can be rewritten placing every partial derivative of the EM fields at
the left side:

M1 (Gauss) : OkEr = p

M2 (Ampere) : OE, /0t — OpB. + OBy = j,
M3 (GaussforB): 9,B, =0

M4 (Faraday) : 0B,/0t + O,E — O.E;, = 0.

We can then rewrite table 4 using the correspondence we have established between the
spacetime field bivector and their relative vector EM counterparts.

The numbers inside table 5 reflect the number we assigned to each of the four Maxwell’s
equations (M), with the sign each partial derivative has in them.

It is possible to observe a kind of symmetric correspondence between the behaviour of the
magnitudes £ and B in both parts of table 5.

Formulations of EM in the language of p-forms [44, 45] have shown that there is an intrin-
sic geometric structure in the three-dimensional case. This is related to the Hodge dualities
between the EM field magnitudes [46—50]. We can visualize the effect of these dualities on
the (E, B) fields if we identify them with the closely related (D, H) magnitudes. Table 6 com-
bines field quantities and differential operators as four-dimensional tensors arranging them as
second-order, antisymmetric tensors F*” and its Hodge duals (right part).

If we want to produce a table which is similar to table 6 for the two-dimensional case, we
would found something like table 7. In this case, the blank square at the right side means that
no similar duality can be constructed in this case, because the magnetic field has only one
component.

Table 8 repeats the same visual argument for the one-dimensional EM, with no magnetic
component at all.

In the three-dimensional case the EM field magnitudes show a symplectic symmetry [51,
52] when arranged in a 2 x 3 file, such as (Ey, E», E3, By, By, B3).
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Table 6. Arrangement of the three-dimensional EM field components as antisymmetric
tensors (left) and their Hodge duals (right). We can observe a symmetric structure with
resembles the one shown in table 5.

0 E E, Es 0 —B, —B, —B;
—E, 0 —Bs B, B, 0 Es —E,
—E, B 0 —B, B, —E; 0 E
—Ey;  —-B, B 0 B E, —E, 0

Table 7. Arrangement of the two-dimensional EM field components as an antisymmetric
tensor without a clear Hodge dual.

0 E, E;
—FE; 0 —B
—E, B 0

Table 8. Arrangement of the one-dimensional electric field as an antisymmetric tensor
without a clear Hodge dual.

0 E
_E 0

Since symplectic symmetry affects 2n dimensional magnitudes, it is not clear how such a
symmetry could be found for a similar arrangement of the EM field magnitudes in the two-
dimensional (E|, E,, B) or one-dimensional (E) cases.
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