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Abstract. Colored operads, also known as symmetric multicategories, have proven to be useful in
various mathematical disciplines, such as algebraic topology, algebraic geometry, homotopy theory, or
mathematical physics.

For a set C, a C-colored operad P consists of objects P(c; - -+ ¢p;c) of abstract n-ary operations,
whose inputs and output have specific types c1,...,c,,c € C, together with associative and unital
composition maps. We consider a generalisation, where the colors form a category; the morphisms
of the coloring category act on inputs and output of the operations, possibly changing their type.
Such generalisation of colored operads originally appeared in [DS03] under the name ‘symmetric
substitudes’, and later independently in [Petersenl3, Ward22]. There are applications of category-
colored operads in deformation theory [DSVV24] and in homotopy theory [BW22].

I will present a new definition based on partial compositions, which is suitable for non-unital
version of operads. The idea is to replace the sources of the operad composition
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by certain colimits P, ®; P,,, which deal with the categorical coloring. This approach leads us to
realize that:

Result I: Category-colored operads are internal algebras of a certain categorical operad of functors.

In the homotopy theory of algebras, it is standard to encode an algebra as an algebra of an operad.
If this operad is binary quadratic (meaning it is free modulo quadratic relations and generated by
binary operations) and ‘Koszul’, there is an algorithm for finding its minimal cofibrant replacement.
Algebras of this replacement are then homotopy versions of the original algebras [Markl04]. To imitate
this process with operads in place of algebras, it was essential to pass to the category-colored setting,
which resulted in:

Result ITa: There is a quadratic binary non-unital operad, colored by a groupoid of permuta-
tions X, whose algebras are non-unital symmetric operads. This directly extends to:

Result IIb: There is a quadratic binary non-unital category-colored operad, whose algebras are
non-unital Markl Q-operads for an operadic category O.

Operadic categories were introduced in [BM15] as a unifying framework for various operadic struc-
tures (such as cyclic and modular operads, di—operads, &c.) and their homotopy theory.
The Results can be found in my recent article [T23], on which the talk is based.
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